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ABSTRACT. Nest one small black-and-white pattern inside another, then
swap the order of the nesting. The picture keeps its size and its num-
ber of black cells, but it can fall apart into twice as many pieces. The
algebraic half is classical: the two orders differ by a perfect shuffle, so
fill, rank, spectrum and trace cannot see the order. A shuffle does not
preserve which cells touch, so connectivity, holes and perimeter are free
to change, and they do. We give the smallest two-cell witness, a classi-
fication of the two-cell designs, a census of nine observables over all 225
two-letter and 1000 three-letter words in stated alphabets, and a rank-4
linear representation of the component count, exact on every word of
length at most four. An earlier claim that no such representation exists
is retracted here, with its date. Why the rank is 4 is open, and is this
paper’s largest debt.

1. INTRODUCTION

Take a two-by-two square and colour some of its four cells black. That
is a design. Now substitute a shrunken copy of a second design into every
black cell of the first: a four-by-four picture. Do it the other way round —
second design outside, first inside — and you get a different picture with
exactly the same number of black cells.

Figure 1 is the smallest interesting instance. Both pictures have four black
cells in a four-by-four frame. One is four separate specks. The other is two
dominoes. The order of nesting decided which.

i] ® gﬁ = four pieces
E ® i] = L two pieces

FIGURE 1. The same two designs in both orders. Domino
outside, anti-diagonal pair inside: four isolated cells. The
other way round: two dominoes. Four black cells either way.

Nesting is the Kronecker product. A design is a subset of the four corners
of {0,1}2, so there are 16 of them and we index them by the 4-bit code c.
A word w = (c1,...,cr) of design codes gives the 2& x 2” binary array

Aw = Ac1®Acg®"'®AcL7

outermost factor first. Call an observable of A, order-blind if it depends only
on the multiset {ci,...,cp}, and order-sensitive otherwise. Figure 1 says
the number of connected components is order-sensitive. Which observables
join it?



ORDER SENSITIVITY OF KRONECKER DESIGN WORDS 3

Half of that question has a classical answer, and it is worth stating first
because it decides the shape of everything else. For square matrices A and B
there is a permutation matrix .S, the perfect shuffle or commutation matrix,
with B A = S (A® B) ST; see Henderson and Searle [1] and Van Loan [2].
The two orders differ by relabelling rows and columns by the same permu-
tation. Every functional of a square array that survives such a relabelling is
therefore order-blind for free: the side length, the number of black cells, the
density, the rank, the characteristic polynomial, the determinant, and the
trace. The count of black cells on the main diagonal s the trace. Nothing
in that list is news, and none of it is this paper’s.

What is this paper’s is the other half. The shuffle permutation moves cells
around; it does not preserve which cells are next to which. Pixel adjacency
— the relation “these two black cells share an edge” — is not shuffle-invariant.
That single sentence is the dividing line. Everything on the algebraic side
of it is order-blind by Proposition 3.1; everything on the geometric side is
free to break, and the content of this paper is which parts break, how early,
and how far.

The answers, in order. Connected components break immediately, and
Fig. 1 is the lexicographically first witness among the two-cell designs (The-
orem 3.5). Among the six two-cell designs the behaviour is completely clas-
sified: connected pairs commute with connected pairs, diagonal pairs com-
mute with diagonal pairs, and a connected pair against a diagonal pair never
commutes, always giving four against two (Theorem 3.6). Above two cells
everything collapses to a single component in both orders (Theorem 3.7).
The boundary cell count is order-blind at length two for all 256 ordered
code pairs, by an exact pairing of the only four cells that can be interior
(Theorem 3.4), and becomes order-sensitive at length three. An exhaus-
tive census (Fact 3.9) counts, observable by observable, how many multisets
actually split.

Then the part that surprised us. The component count of A,, grows with-
out bound — it reaches 2 - 4¥~! at length L (Proposition 3.11) — and the
natural geometric bookkeeping needed to compute it grows without bound
too (Proposition 3.12). Nevertheless the map w +— comp(A,) is a rational
series of rank 4: six explicit integer matrices, one per design class, reproduce
the component count of every one of the 54,241 words of length at most four
as a single matrix product (Fact 3.13). By the Schiitzenberger theory of
rational series [3, 4] a finite Hankel rank is exactly a finite linear represen-
tation; that theorem is theirs, and only the matrices are ours. We do not
know why the rank is 4. Section 5 states that as the paper’s open problem
and its largest debt.

An earlier version of this work asserted the opposite — that no finite-state
description of the component count exists. That claim is wrong and is re-
tracted here in full (Remark 3.16), with the date and the reason. Publishing
the retraction next to the result costs a paragraph and is the only thing that
makes the surrounding numbers worth trusting.
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What this is not. Three neighbouring literatures answer questions that
look like ours and are not.

Fractal squares. Iterating a single design forever gives a self-similar limit
set, and the topology of those limit sets — how many connected components
the limit has — is a developed subject [7]. Our objects are the finite level-L
pictures, and a level-L component count is not a statement about any limit;
the two can disagree in both directions.

Non-autonomous iterated function systems. An infinite aperiodic word
of designs is precisely a non-autonomous IFS, and that literature owns the
limiting object, its dimension and its topology [8, 9]. We own the finite-level
combinatorics that sits underneath. Corollary 3.8 explains the boundary
between the two: every periodic word collapses by associativity to the sta-
tionary self-similar theory of its one-period composite tile, so periodicity
buys nothing new, and genuinely non-stationary behaviour requires an ape-
riodic word.

Graph tensor products. Weichsel’s theorem [5] decides when the tensor
product of two connected graphs is connected, and Kronecker graph mod-
els [6] build large networks by exactly the operation in our title. Neither
applies here. In a graph tensor product two vertices are adjacent when their
coordinates are adjacent in both factors; in our pictures two cells are adja-
cent when they share an edge of the grid, which mixes the factors through
carrying. The two adjacency relations are different, and so are the answers.

2. DEFINITIONS

Throughout, base 2 and dimension 2 are fixed.

Definition 2.1 (Designs and words). A design is a code ¢ € {0,1,...,15},
encoding the set of filled corners

F. = {(i,5) € {0, 132 0 |e/277Y ] s odd}, k(c) = |F,],

and A, is the 2 x 2 binary array with A.[i|[j] = 1 exactly when (i,j) € F..
Rows are indexed downward from 0 and columns rightward from 0. Thus As
is the left column, As the top row, Ag the anti-diagonal pair {(1,0), (0,1)},
Ag the main diagonal, and A;s the full tile. For a word w = (¢1,...,cp) of
design codes the mized product is the 2F x 2& binary array A, = A, ®---®@
A.,, with A; the 1 x 1 array (1) for the empty word. Its fill is []; k(c;).

Concretely, cell (z,y) of Ay, is filled exactly when (z;,y;) € F; for every j,
where z; and y; are the j-th binary digits of x and y counted from the most
significant. The first letter of the word is the outermost, coarsest factor.

Definition 2.2 (Order-blind and order-sensitive). Two words are multiset-
equivalent if one is a permutation of the other. An observable ¢ is order-blind
at length L on a set of codes if ¢(A,,) agrees on all multiset-equivalent words
of that length, and order-sensitive otherwise. A multiset is counted in a
census only if it admits two or more distinct orderings; a constant word
cannot exhibit order sensitivity.
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The observables are fixed once and used with these meanings everywhere
below. The conventions matter: two of them can be read another way, and
the other reading inverts the answer.

Definition 2.3 (Observables). Let X be an n x n binary array.

e comp(X) is the number of 4-connected components of the filled cells.

o A filled cell is interior if all four of its edge-neighbours exist in the
grid and are filled. The boundary cell count is bd(X) = fill(X) —
interior(X). It counts cells.

e The perimeter per(X) is the number of exposed unit edges: 4 fill(X)
minus twice the number of edge-adjacent filled pairs. It counts edges,
not cells.

e holes(X) is the number of 4-connected components of the empty cells
that do not meet the border of the grid.

o X(X) = comp(X)—eg(X), where eg(X) is the number of 8-connected
components of the empty cells that do not meet the border. This
is the Euler characteristic in the standard mixed-connectivity con-
vention, in which 4-connected foreground is paired with 8-connected
background.

e diag(X) is the number of filled cells (d, d), that is, the trace. anti(X)
is the number of filled cells (d,n — 1 — d). The anti-diagonal profile
is the vector of length 2n — 1 whose s-th entry is the number of filled
cells (z,y) with x +y = s.

e h(X) counts the rows in which both the leftmost and the rightmost
cell are filled; v(X) counts the columns in which both the top and
the bottom cell are filled. These are the contact counts: two side-
by-side copies of X touch exactly when h(X) > 0, and two stacked
copies touch exactly when v(X) > 0.

Remark 2.4 (Two conventions that invert answers). First, diagonal count is
not diagonal profile. The trace is order-blind at every length (Corollary 3.2);
the full anti-diagonal profile is order-sensitive already at length two, on 99
of the 105 eligible multisets, with the two one-cell designs ¢ = 1 and ¢ = 2
as the lexicographically first witness (Fact 3.10). Read the profile where the
count is meant and the theorem reverses.

Second, boundary cells are not perimeter. Theorem 3.4 is about bd, the
cell count, and it is order-blind at length two. The perimeter is order-
sensitive at length two, on 78 of the 105 multisets; the lexicographically first
witness is the multiset {1, 3}, whose two orders have perimeter 6 and 8 while
both have boundary cell count 2. Both numbers appear in Fact 3.10 so that
neither reading can be taken by accident.

Third, x and holes use different background connectivity by design, so
X # comp — holes in general. It fails on exactly 10 of the 225 length-two
words and 168 of the 1000 length-three words in the domains of Fact 3.9.
The two columns of that table are not redundant and must not be subtracted
from one another.
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Two alphabets are used. The full alphabet is the 15 non-empty codes
{1,...,15}. The ten-code library is {3,5,6,7,9,10,11,12,13,14}, the codes
with k(c) € {2,3}: the four one-cell designs and the full tile are excluded.
Every census below names which alphabet it uses.

3. REsSuLTS
3.1. The classical half.

Proposition 3.1 (Perfect shuffle). Let A be m x m and B be n x n. There
is a permutation matriz S of size mn, depending only on m and n, with
B® A = S(A® B)ST. Consequently, if ¢ is any function of a square
array with p(PXPT) = ¢(X) for every permutation matriz P, then ¢(Ay)
is order-blind at every length.

Corollary 3.2. Side, fill, density, rank, characteristic polynomial, deter-
minant and trace are order-blind at every word length. In particular the
main-diagonal count satisfies

L
diag(Ay) = H’{d €{0,1}: (d,d) € F,}|,
j=1

which is a product and therefore order-blind. Checked directly on all 15% =
3375 words of length three over the full alphabet, zero mismatches.

Proposition 3.1 is classical [1, 2] and we reprint its one-line proof only
so the paper stands alone. It is stated first because it fences off the entire
algebraic side of the question. What follows is about observables that are
not invariant under simultaneous row and column permutation.

3.2. Contact, boundary, and the two-cell classification.

Lemma 3.3 (Contact law). h(Ay) = I, h(Ac;) and v(Ay) = [];v(Ag)-
In particular whether two adjacent copies of A, touch is order-blind and is
decided factor by factor. Checked on all 3375 words of length three, zero
mismatches.

Theorem 3.4 (Boundary cells are order-blind at length two). For all codes
a,b €{0,...,15}, bd(A, ® Ap) = bd(Ap ® A,). Moreover, writing S(p) =
{07 1}2 \ {p} and p = (1 —p1,1 _p2):

interior(A, ® Ap) = Z 1[S(p) C F,]1[S(p) C F),
p€{0,1}2
which is symmetric in a and b because p — p is an involution. Both the

symmetry and the formula were checked on all 256 ordered code pairs, zero
mismatches.

Theorem 3.5 (Components are order-sensitive). comp(A4s ® Ag) = 4 and
comp(Ag ® A3) = 2. Among the sixz two-cell designs {3,5,6,9,10,12}, the
pair {3,6} is the lexicographically first that fails to commute.
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Theorem 3.6 (The two-cell dichotomy). Call a two-cell design adjacent if
its two cells share an edge (codes 3,5,10,12) and diagonal otherwise (codes
6,9). For the component count:

(1) adjacent against adjacent always commutes, giving 1 if the two domi-
noes have the same orientation and 2 if not;

(2) diagonal against diagonal always commutes, giving 4;

(3) adjacent against diagonal never commutes: comp(A ® D) = 4 and
comp(D ® A) = 2 for every one of the eight ordered pairs.

Theorem 3.7 (Three cells or more). If k(a) > 3 and k(b) > 3 then
comp(4, ® Ap) = comp(4, ® A,) = 1.
All 25 ordered pairs from {7,11,13,14,15} were checked, zero deviations.

Corollary 3.8 (Block reduction: periodicity buys nothing). For any designs
c1,...,¢p and any L > 1, associativity of the Kronecker product gives

(AC1®"'®ACP)®L — AuL, u:(cl7-.-7cp)7

as arrays, cell for cell. Hence every periodic word of period p is the sta-
tionary self-similar picture of its one-period composite tile, a design at base
2P with fill ], k(ci), and every observable of a periodic word is governed by
the ordinary one-tile theory. Genuinely non-stationary behaviour requires an
aperiodic word. Checked cell for cell on all 225 two-letter blocks at periods
two and three.

3.3. The census.

Fact 3.9 (The order-sensitivity landscape). Over the full alphabet at length
two there are 225 words and 120 multisets, of which 105 admit two or more
orderings. Over the ten-code library at length three there are 1000 words
and 220 multisets, of which 210 admit two or more orderings. The number
of eligible multisets on which each observable of Definition 2.3 takes two or
more values is:

Observable length 2, full alphabet length 3, ten-code library
Fill, side, density 0/105 0/210
Main-diagonal count 0/105 0/210
Anti-diagonal count 0/105 0/210
Boundary cell count 0/105 36/210
Perimeter 78/105 188/210
Connected components 74/105 188/210

Euler characteristic 78/105 188/210

Holes 10/105 100/210
Anti-diagonal profile 99/105 204/210

Checked by scripts/verify.py on exactly these two domains.

Fact 3.10 (The two scope guards and the connectivity clash). On the length-
two domain of Fact 3.9: the anti-diagonal profile is order-sensitive on 99 of
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the 105 eligible multisets, the lexicographically first witness being {1,2}
with profiles (0,1,0,0,0,0,0) and (0,0,1,0,0,0,0), while the anti-diagonal
count is order-blind on all 105; the perimeter is order-sensitive on 78 of the
105, the lexicographically first witness being {1,3} with perimeters 6 and 8,
while both orders have boundary cell count 2. Here the eligible multisets are
ordered lexicographically as sorted pairs, and both minimality claims are by
exhaustion over all earlier pairs. Furthermore y # comp — holes on exactly
10 of the 225 length-two words and on exactly 168 of the 1000 length-three
words. Checked by scripts/verify.py.

3.4. Growth, and a rank-4 representation.

Proposition 3.11 (The component count grows like 47). For every L > 1,
comp (A(15L—176)) = 2-4L=1 Over the full alphabet this is the evact mazimum
at lengths 1 through 4: the largest component counts are 2, 8, 32, 128, verified
exhaustively over all 15% words.

Proposition 3.12 (The naive geometric state is unbounded). Let x(X)
be the number of 4-connected components of X that meet the border of the
grid. A component that meets no border cell cannot merge with anything
outside X, so k counts the components whose fate is still undecided when X
1s placed inside a larger picture, and bounds from above the number that can
actually merge. Then /{(A(15L—1,3)) =271 50 k is unbounded. Verified for
L=1,...,7.

So both the answer and the obvious way of computing it grow without
bound. They are nevertheless produced by four numbers.

Fact 3.13 (The component cocycle). Let A = (1,0,0,0), v = (1,1,1,1)T,
and assign to each code the integer matrix of its class:

1000 2 000
2 000 4000
Mg 248y = 2 00 ol Mg 0y = 4 0 0 o)
4000 8000
0 100 0 010
~2 3 0 0 0 020
Mpazy=| o 2 0 o) Mea=|_5 ¢ 3 o
~4 6 0 0 40 6 0
-1 110 00 0 1
—4 3 2 0 0 0 -2 3
Magnsig=|_4 o 3 of Masy =g —2 o 3
8 4 4 1 4 -6 -6 9

Then comp(Ay) = A Mg, M., --- M., v for every one of the 54,241 words w
of length at most 4 over the full alphabet, including the empty word. Zero
mismatches; checked by scripts/verify.py.
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Fact 3.14 (Hankel ranks of the length-four truncation). Index a 241 x 241
integer matrix by the words of length at most 2 over the full alphabet, with
entry (u,v) equal to ¢(Ayy). Its rank is 4 for ¢ = comp, 4 for ¢ = x, 8
for ¢ = bd, and 11 for ¢ = holes. These are ranks of a truncation and are
therefore lower bounds on the Hankel rank of the full series; only for comp
do we exhibit matrices (Fact 3.13). Checked by scripts/verify.py.

Proposition 3.15 (Noncommutation is necessary, not sufficient). Among
the 15 unordered pairs of the six matrices of Fact 3.13, exactly 14 fail to
commute; the single commuting pair is {1,2,4,8} with {6,9}, and there
Mg 9y = 2 My 948y If comp takes different values on (a,b) and (b,a) then
Mo My, # MyM,. The converse is false: M3Ms # MsMs while comp(As ®
A5) = COInp(A5 ® A3) =2, and M7Mys # MisM; while COHlp(A7 & A15) =
comp(Ai15® A7) = 1. Both exhibited pairs are noncommuting yet order-blind
at length two. Order sensitivity requires N(MyMy, — MyMgy)y # 0, which is
strictly stronger than MyMy # MyM,.

Remark 3.16 (Retraction, 2026-08-22). An earlier version claimed that the
component count of A, is not a finite-state function of the word w. The
evidence offered was that one candidate state — the four-corner partition
of the running product — reproduces the counts at length two and fails at
length three, because the cells that connect two copies need not be corners.
That evidence is real and the conclusion drawn from it is wrong: one failed
candidate state bounds nothing about the state space. Fact 3.13 exhibits a
rank-4 linear representation, so the claim is withdrawn. What survives from
the original argument is Proposition 3.12: the naive geometric bookkeeping
is genuinely unbounded. Hankel rank is the dimension of the span of the
residual functions v — ¢(Ayy), not the size of any geometric state, and the
two have no reason to agree.

Conjecture 3.17 (The representation is exact at every length). For every
word w over the full alphabet, at every length, comp(Ay) =AM, --- M., 7.
Evidence: ezhaustive agreement on all 54,241 words of length at most 4
(Fact 3.13), across a range in which the count itself grows from 1 to 128; the
six matrices were obtained by exact rational elimination on a Hankel basts,
so no fitting slack remains. Failure mode: the rank of a truncated Hankel
matriz is a lower bound only. A geometric contact pattern that first appears
at length 5 or beyond would raise the true rank, and the four coordinates
€,3,5,15 would then be an accident of small words rather than a basis.

Conjecture 3.18 (The sharp maximum). max|,—j, comp(A,) = 2 - 4571
for every L > 1. Evidence: the family of Proposition 3.11 attains it for all
L, proved; exhaustive optimality at L < 4. Failure mode: a word mizing
several disconnecting factors could in principle beat the single-disconnector
family at some length beyond the erhaustive range; the exhaustion stops
at L = 4 because 15° words of side 32 leave the seconds-long budget of
seripts/verify. py.
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Conjecture 3.19 (Boundary cells break at three and stay broken). The
boundary cell count is order-sensitive at every length L > 3 over the ten-
code library. Evidence: 36 of 210 eligible multisets at L = 3 (Fact 3.9); the
pairing argument of Theorem 3.4 is specific to the four central cells of a 4 x4
grid and has no analogue once interior cells can appear away from the centre.
Failure mode: the count 36 is small relative to 210, and no mechanism is
offered for why it should persist; a cancellation at some larger length is not
excluded by anything proved here.

4. PROOFS

Proof of Proposition 3.1. Index the rows of A ® B by pairs (i4,ip) via i =
nig+ig, and the rows of B® A by the same pairs via i = mig +1i4, where
ig ranges over {0,...,m — 1} and ip over {0,...,n— 1}. By definition
(A@ B)[(ia,ip)[(Gar ) = Aliallial Blisllis] = (B® A)l(ip, i)l [(G5, i)
Let S be the permutation matrix of the map (ia,i5) — (ip,i4) on the mn
index pairs. The displayed identity says exactly that B ® A is obtained
from A ® B by applying S to rows and the same S to columns, that is
B® A = S(A® B)ST. For the consequence, let w and w’ be multiset-
equivalent. Any permutation is a product of adjacent transpositions, and
by associativity an adjacent transposition of two letters of w is a shuffle of
the corresponding two Kronecker factors, conjugated by the identity on the
factors outside them — itself a simultaneous row and column permutation
of A,. Composing, A, = PA,P" for some permutation matrix P, so

(z)(Aw’) = ¢(Aw) O

Proof of Corollary 3.2. Side, fill, density, rank, characteristic polynomial
and determinant are unchanged by X — PXPT, and so is the trace; apply
Proposition 3.1. For the product formula, cell (z,z) of A, is filled exactly
when (z;,1;) € F,, for every digit position j, by Definition 2.1. The digits

r1,...,x range independently over {0,1} as x ranges over {0,...,2% — 1},
so the number of filled diagonal cells is the product over j of the number of
admissible digits d, namely [{d : (d,d) € F¢,}|. O

Proof of Lemma 3.3. Column 0 of A ® B is column 0 of the outer factor
combined with column 0 of the inner, so L(A ® B) = L(A) ® L(B) as
vectors; likewise the last column satisfies R(A ® B) = R(A) ® R(B). The
entrywise product of Kronecker products of vectors is the Kronecker product
of the entrywise products, so

hA® B) = (R(A) ® R(B), L(A) ® L(B)) = (R(A), L(A)) - (R(B), L(B)),

which is h(A)h(B). Induction on the number of factors gives the product
over the whole word. The argument on rows gives v. The final sentence is
immediate: a product of per-factor quantities does not see the order, and it
is positive exactly when every factor is. O
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Proof of Theorem 3./. Write A= A,, B= Ap, 50 AQ Bis4x4. A cell can
be interior only if both its coordinates lie in {1, 2}, since a cell in row 0 or 3
or column 0 or 3 is missing a neighbour. So the only candidates are the four
central cells, and we index them by p € {0, 1}? through z(p) = (2—p1, 2—p2);
this is a bijection onto {1,2}2.

Decompose a cell (z,y) of the 4 x 4 grid as outer index (|z/2], |y/2]) and
inner index (z mod 2,y mod 2), so the cell is filled iff the outer index lies in
F4 and the inner index lies in Fig. For z(p) the outer index is (1—p1, 1—p2) =
p and the inner index is (p1,p2) = p, because [(2 — p;)/2] = 1 — p; and
(2 — p;) mod 2 = p; for p; € {0,1}.

Now take the two vertical neighbours of z(p), in rows 1 — p; and 3 — p;.
Since 1 —p; € {0,1} and 3 — p; € {2, 3}, their outer row indices are 0 and
1 respectively, and both have inner row index (1 —p;) mod 2 =1 — p; = p;.
Their column decomposition is that of z(p), namely outer ps and inner ps.
So both vertical neighbours are filled exactly when (p1,p2) € Fp and both
cells of column py of A lie in F4. Symmetrically, both horizontal neighbours
are filled exactly when (p1,p2) € Fp and both cells of row p; of A lie in Fjy.

Collect the conditions. On A: p € Fjy, all of column ps, and all of row p;.
The union of the cell p, the column po and the row p; is precisely the set
of cells whose row is p; or whose column is p2, and the only cell of {0,1}?
failing both is (p1,p2) = p. Hence the condition on A is S(p) C F4. On B:
p € Fp, (p1,p2) € Fp and (p1,p2) € Fp; these are the three cells other than
D, so the condition on B is S(p) C Fp.

Summing the indicator over the four candidates gives the displayed for-
mula. Swapping a and b replaces the p-th term by the p-th, and p — p
is a fixed-point-free involution of {0,1}2, so the four terms are permuted
and the sum is unchanged. Since fill is order-blind by Corollary 3.2, bd =
fill — interior is order-blind at length two as well. ]

Proof of Theorem 3.5. F3 = {(0,0),(1,0)} and Fg = {(1,0),(0,1)}. In A3®
Ag the outer factor places copies of Ag in blocks (0,0) and (1,0), and within
each block Ag fills the cells (1,0) and (0,1). The four filled cells of the
4 x 4 grid are therefore (1,0),(0,1),(3,0),(2,1). No two of these differ by
exactly one in one coordinate and zero in the other, so all four are isolated
and comp = 4. In Ag ® A3 the outer factor places copies of Az in blocks
(1,0) and (0, 1), giving filled cells (2,0), (3,0) and (0,2), (1,2): two vertical
dominoes. The two blocks differ in both coordinates, hence are not edge-
adjacent, so no merging is possible and comp = 2. Lexicographic minimality
among the six two-cell designs is by exhaustion over the 15 unordered pairs,
and (3,5) — the only earlier pair — commutes by Theorem 3.6(1). O

Proof of Theorem 3.6. First record the contact counts of the two-cell de-
signs, read off Definition 2.3. A vertical domino (3 or 12) occupies one
column, so no row contains both its leftmost and rightmost cell: h = 0; and
its single occupied column contains both the top and bottom cell: v =1. A
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horizontal domino (5 or 10) is the transpose: h =1, v = 0. A diagonal pair
(6 or 9) has one cell in each row and each column, so h = v = 0.

Now the general mechanism at length two. In A, ® Ay the filled cells are
the union, over q € F,, of a copy of A, placed in block q. Two copies in
blocks ¢,q¢ can merge only if the blocks are edge-adjacent, and then only
through the shared edge: if they are side by side this happens exactly when
h(Ap) > 0, and if they are stacked exactly when v(Ap) > 0, by the definition
of the contact counts. Copies in non-adjacent blocks can never merge, since
every cell of one is at distance at least two from every cell of the other in
some coordinate.

Case 3. Let A be adjacent and D diagonal. In A ® D the two blocks of
F4 are edge-adjacent, but h(Ap) = v(Ap) = 0, so the copies do not merge;
and within one copy the two cells of D are not edge-adjacent, so each copy
contributes 2. Total 4. In D ® A the two blocks of Fp are not edge-adjacent,
so no merging occurs, and each copy of the connected domino A contributes
1. Total 2. This is the same in all four choices of A and both choices of D,
so all eight ordered pairs give (4,2) and none commutes.

Case 1. Let A and B both be dominoes. The blocks of F4 are side
by side if A is horizontal and stacked if A is vertical. Each copy of B is
connected, contributing one component, and the two copies merge exactly
when the shared-edge contact of B is positive: h(Ap) > 0 iff B is horizontal,
v(Ap) > 0 iff B is vertical. So comp(A ® B) =1 if A and B have the same
orientation and 2 otherwise. That condition is symmetric in A and B, so
the two orders agree.

Case 2. Let D, Dy be diagonal. The two blocks of Fpp, are not edge-
adjacent, so no merging occurs, and each copy of Dy contributes its two
isolated cells. Total 4, in either order. U

Proof of Theorem 3.7. Let k(¢) > 3. Then F, omits at most one cell of
{0,1}2. Of the two rows {(0,0), (0,1)} and {(1,0), (1,1)}, at most one meets
the omitted cell, so at least one row lies entirely in F,, giving h(A.) > 1;
the same argument on columns gives v(A.) > 1. Also A, is connected: for
k = 4 this is clear, and for k = 3 the three cells form an L, in which the
corner cell shares an edge with each of the other two.

Now let k(a),k(b) > 3. In A, ® Ay each of the k(a) > 3 copies of A4
is connected, so contributes one component. Take two cells of F, that are
edge-adjacent; such a pair exists since A, is connected and has at least two
cells. Their two copies of A, merge, because the relevant contact count
of Ap is positive by the previous paragraph. Since A, is connected under
edge-adjacency, every pair of copies is joined by a chain of edge-adjacent
blocks, each link of which merges. Hence all copies lie in one component
and comp(A, ® Ay) = 1. The hypothesis is symmetric in a and b, so the
same holds for the reversed order. (]

Proof of Corollary 3.8. Immediate from associativity of the Kronecker prod-
uct: both sides are the pL-fold product 4., ®---® A,, @ A¢, ®- - -, bracketed
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differently. The composite tile A, is a 2P x 2P binary array with []; k(c;)
filled cells, and A,. = A®® is exactly the level-L self-similar picture of that
single tile at base 2P. O

Proof of Proposition 3.11. Ays is the full 2 x 2 tile, so A%(L_l) is the full
2L=1 % 2L=1 gquare, with 47~ filled cells, every pair of horizontally or verti-
cally neighbouring cells being edge-adjacent. Tensoring on the right with Ag
places a copy of the anti-diagonal pair in each of those 4*~! blocks. Within a
copy the two cells are not edge-adjacent. Between two edge-adjacent blocks
no merging occurs, because h(Ag) = v(Ag) = 0 (see the proof of Theo-
rem 3.6), and non-adjacent blocks never merge. Hence every one of the
24571 filled cells is isolated. The maximality statement at L < 4 is exhaus-
tion over all 15* words. (]

Proof of Proposition 3.12. A%(L_l) is the full 2271 square. Tensoring on the
right with Az, whose only filled cells are (0,0) and (1,0), fills cell (z,y) of
the 2% square exactly when y is even. The filled set is thus 22! full-height
columns, pairwise separated by an empty column, so they are 201 distinct
components. Each runs the full height of the grid, so each meets the top
row and hence the border. Therefore x = 2£~1, which is unbounded. O

Proof of Proposition 3.15. The count of 14 noncommuting pairs out of 15,
the identification of the one commuting pair, and the identity Mgy =
2M{ 2 48) are finite computations on six integer matrices, performed and
asserted in the script named in Section 5. For necessity, suppose comp differs
on (a,b) and (b,a). By Fact 3.13 these values are AM, My and AMyM,~,
so A(MgMy — MyM,)y # 0 and in particular MM, # MyM,. The two
displayed counterexamples refute the converse: the matrix products differ,
but the bilinear form A(-)7y annihilates the commutator, and the direct com-
ponent counts agree, both by Theorem 3.6(1) for {3,5} and by Theorem 3.7
for {7,15}. Hence noncommutation of the cocycle matrices is necessary for
order sensitivity and not sufficient. O

5. REPRODUCIBILITY

One script regenerates every number in this paper, scripts/verify.py:
plain python3, standard library only, no arguments, no network, all paths
relative. Run it from the lane root with python3 scripts/verify.py. It
prints one line per check and all green at the end; every check is an as-
sertion that names what it got and what it wanted, and any failure ex-
its non-zero. Total runtime is about 4.5 seconds on a laptop. A second
script, scripts/figure.py, redraws the SVG figure embedded in the lane
README and takes well under a second; the figure in this paper is drawn
inline in TikZ and needs no script.

What scripts/verify.py covers, in order, with its exact domains:

e Theorem 3.5: the two counts 4 and 2, and lexicographic minimality
by exhaustion over the 15 unordered pairs of the six two-cell designs.
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e Theorem 3.4: boundary-cell symmetry and the interior formula, both
on all 256 ordered pairs (a,b) with a,b € {0,...,15}, including the
empty design.

e Corollary 3.2 and Lemma 3.3: the main-diagonal product formula
and the two contact products, each on all 153 = 3375 words of length
three over the full alphabet.

e Theorem 3.6: all 8 adjacent-diagonal ordered pairs give (4,2); all
16 adjacent-adjacent ordered pairs commute; all 4 diagonal-diagonal
ordered pairs give 4.

e Theorem 3.7: all 25 ordered pairs from {7,11,13,14,15} give 1.

e Corollary 3.8: cell-for-cell equality for all 225 two-letter blocks at
periods two and three.

e Fact 3.9: the full census. Length two over the 15 non-empty codes,
all 225 words, 120 multisets, 105 eligible. Length three over the
ten-code library {3,5,6,7,9,10,11,12,13,14}, all 1000 words, 220
multisets, 210 eligible. Nine observables each.

e Fact 3.10: the profile witness {1, 2} and the perimeter witness {1, 3},
each confirmed lexicographically first by scanning all 105 eligible
multisets in order, and the counts 10 of 225 and 168 of 1000 on
which x # comp — holes.

e Fact 3.13: the representation against directly computed component
counts on all 54,241 words of length at most four over the full alpha-
bet, the empty word included.

e Proposition 3.11: comp(A5c-14)) = 2 481 for L = 1,...,6, and
the exhaustive maxima 2,8,32,128 at L =1, ..., 4.

e Proposition 3.12: the border-meeting component count x = 25~! for
L=1,...,7, the largest grid being 128 x 128.

e Fact 3.14: the four ranks of the 241 x 241 truncated Hankel matrix,
computed by Gaussian elimination modulo the prime 23! — 1.

e Proposition 3.15: the 14 of 15 noncommuting class pairs, the com-
muting pair and its scalar identity, and both converse counterexam-
ples.

Components are computed by run-length union-find rather than cell-by-
cell flood fill, which is what keeps the length-four sweep inside a few seconds.
Everything is integer arithmetic; nothing is fitted, sampled or estimated.

Open problem. Why is the rank 47 Fact 3.13 is Verified, not Proved,
and Conjecture 3.17 states the gap honestly. A proof should explain how a
four-dimensional space of residual functions can carry a quantity that grows
like 4” while the natural geometric state (Proposition 3.12) grows like 2~.
A structural derivation of the six matrices — rather than the elimination
that produced them — would also settle whether the same phenomenon
survives at base 3, in dimension 3, or for the boundary and hole series
whose truncated ranks are 8 and 11 (Fact 3.14) and for which no matrices
are known. Relatedly: is there a finite-state description of the boundary
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connectivity of A,, that yields exact component counts at every length, or
is the linear representation of Fact 3.13 inherently non-geometric? That is
this paper’s largest debt.
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