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2 CARLO MITCHENER

ABSTRACT. Take the whole numbers whose base expansion never uses
one chosen digit, and add up the Mo6bius function over the ones below a
given bound. The trivial estimate for that sum is the number of terms,
and among the sources we read we find nothing better. Assuming the
generalized Riemann hypothesis we beat it by a fixed power, for every
base ¢ > 3690 with one digit removed: writing Ap(x) for the count
of such integers up to z and Mp(x) for the Mobius sum over them,
Mrp(z) <460 Ar (x)1—5/ for every fixed &' < §,, where J, is explicit and
tends to 1/4 as the base grows. The proof expands the digit indicator
into additive frequencies, pays one £! norm for the expansion, and quotes
one published exponential-sum bound at each frequency; the content is
that past a computable base the norm costs less than the set’s own
mass. The same five steps run on any zero-free half plane for Dirichlet
L-functions, at a base we compute for each. We also prove the wall:
that ¢! norm can never be smaller than one, so the argument yields
nothing unconditional and nothing at all about digit sets of fewer than
¢*/* digits.

1. INTRODUCTION

Fix a base ¢ and throw away one digit. In base ten with the digit 7
removed, what is left is

1,2,3,4,5,6,8,9,10,...,16, 18, ..., 69, 80, 81, ...

and the pattern continues forever, thinning as the numbers get longer: below
10™ there are about 9™ of them instead of 10™. Sets like this are called
missing-digit or ellipsephic sets. They are sparse, they are easy to describe,
and they are famously hard to do arithmetic on, because knowing the digits
of n tells you almost nothing about the primes dividing n.

Now put the Mobius function on them. Recall that pu(n) is 0 when n has
a repeated prime factor, and otherwise +1 or —1 according to whether n
has an even or an odd number of prime factors. Summing p over all integers
up to x gives Mertens’ function, and how much it cancels is the Riemann
hypothesis. Summing it over the missing-digit integers up to z gives

n<x
n misses the digit

and the question is the same one: does it cancel? The number of terms
is Ap(z), of size 2'°%\ ¢~V and |Mp(z)| < Ap(z) is free. We looked for
anything better in the literature and found no bound on this sum at all; the
subsection Where this sits below says exactly what we searched, and what
we found there instead.

This paper proves a power saving over the free bound, on the generalized
Riemann hypothesis, for every base from 3690 up.
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1.10+ q = 3690

mass exponent Qg

2xponent 3/4 + Cq

102 103 104 10° 106 107 103 109

FIGURE 1. The whole theorem is this crossing. The horizon-
tal axis is the base. The upper curve is the mass exponent
ag = log,(q — 1), the size of the missing-digit set as a power
of x; it climbs towards 1 and is flat at this scale. The falling
curve is what the method costs, 3/4 from the quoted Mobius
bound plus ¢, for the Fourier expansion. Where cost drops
below mass, the bound beats the number of terms, and the
shaded wedge is the saving. The crossing happens once, at
q = 3690, and never comes back.

What is proved. Write F' for the surviving digits, Sp for the integers
all of whose base-¢ digits lie in F, Ap(z) = #{n € Sp : n < z} and
Mp(r) = 3, csp n<a (). Write ay = log,(q — 1), so that Ap(x) has order
x®. Theorem 3.4 says: assume the generalized Riemann hypothesis for
Dirichlet L-functions; then for every g > 3690, every F' missing exactly one
digit and every € > 0,

|Mp(2)| <qe 247t (2> 2),

with 3/4+c¢, < ag, so that the bound is a power saving against the set’s own
size: |Mp(x)| <45 Ar(2)'™% for every fixed &' < &, = (ag — 3/4 — ¢g)/ay.
The constant ¢, is completely explicit, it is the only thing in the statement
that is not standard, and it tends to 0: as the base grows, d, — 1/4 and
the bound approaches Ap (:c)?’/ 4+o(1) " which is the exponent the generalized
Riemann hypothesis gives on the whole line, transplanted onto the sparse
set and measured against the sparse set’s own mass.

Two warnings belong in the same breath as the theorem, and they are
repeated wherever it is restated. The implied constant depends on ¢; nothing
here is uniform in the base. And ¢, is fixed before € is chosen, so what is
proved is Ap(x)' =% for each fixed §' < §, and never the endpoint Ap(z)!%.
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At ¢ = 3690 that distinction is the whole claim, because there ¢, is only
5.863 x 107°.

The proof in one paragraph. The indicator of a length-L digit string
over F expands into additive characters modulo g%, and because digits are
independent the Fourier coefficient factors over digit positions:

Fot) =] or(dt),  gr(t) = e(dt).

j<L deF

Expanding Mp(z) this way turns it into

et > Fra/d®) Y p(n)e(—na/q"),

a mod gL n<z

so the whole sum is bounded by the ¢! norm of the transform times the
largest Mobius exponential sum. Under the generalized Riemann hypothesis
that largest sum is #3/4*¢_ uniformly in the frequency, by a theorem of Baker
and Harman [1]. The ¢' norm obeys a one-step recursion: peeling off the
last digit costs a single constant By(F') = sup; -, moed ¢ 197 ((t +7)/q)| per
digit, so the normalised norm is at most (B,(F)/q)% = ¢/°. What remains
is to bound B, (F) explicitly, and that is elementary trigonometry on a
grid of g equally spaced points: the Dirichlet kernel contributes at most
¢, ~ (2/m)qlng, and the one missing digit contributes at most ¢ by an
exact Parseval identity. Then ¢, = log (1 + ®,/q) is of size Inln ¢/ In g, and
the arithmetic of Fig. 1 does the rest.

Nothing in that chain except the quoted Mobius bound depends on the
exponent 3/4. So the same five steps run on any hypothesis of the form “no
Dirichlet L-function vanishes in o > a”, with the exponent b(a) that Baker
and Harman [1] and Zhang [2] attach to it, and the price of a weaker hypoth-
esis is paid entirely in the base: Theorem 3.8 and the rungs of Fact 3.14.
A zero-free half plane at o > 19/20 still buys the saving, at a base with 84
decimal digits.

Where this sits. Missing-digit sets carry a serious literature, and the arith-
metic functions it has reached do not include u. Erdés, Mauduit and Sarkézy
[10] and Konyagin [11] study their distribution in residue classes; Dartyge
and Mauduit [12] get almost primes; Maynard [5] proves there are infinitely
many primes missing a digit in base ten, and [6] extends that to large bases
with many digits missing; Nath [7] proves Bombieri-Vinogradov theorems
for A(n)14(n); Leng and Sawhney [8] settle ternary Goldbach on such a set;
Kim [9] computes the divisor function over one. In every one of these the set
enters through the Fourier norms of its digit transform, exactly as it does
here.

What we could not find anywhere is the Mébius sum itself. A whole-
text search of [5], [6] and [7] finds the word “Md&bius” once in about three
thousand lines, as an inversion step inside a proof, “Liouville” nowhere, and
“Mertens” only as Mertens’ theorem on a product over primes. So we state
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the positioning as a search and not as a non-existence result: those three
full texts were read at their sources and searched end to end, the rest of
the bibliography was read for its statements, and in none of them do we
find a bound on 3, <, s, p(n); Theorem 3.4 appears to be the first. The
card it claims is precise, and each coordinate on it matters: the sequence is
u restricted to Sp; the norm is a pointwise bound in z, with no averaging
and no modulus; the range is ¢ > 3690 with one digit removed; and the
saving is a fixed power of the set’s own counting function, conditional on
the generalized Riemann hypothesis. Change any coordinate and the claim
is not ours.

One thing the reader should not conclude is that the shape of such a
result is new. Maynard [6] records in his own paper that his asymptotic for
> n<gk AM(n)1a(n) has error terms that “could be replaced by effective ones

of size O((q — 1)* exp(—ck'/?))”, because the moduli occurring are highly
composite and Siegel zeros do not intervene. A saving of that shape over a
missing-digit set is therefore already in print, for A. What is different here
is the function, and what is worse here is the hypothesis.

What this does not do, and cannot. The method has a floor, and we
prove it rather than guess it. For every digit set, an exact Parseval identity
on the shifted grid gives >, 04 4 [97((t +1)/q)|* = gk, whence By(F) > ¢
and ¢; > 0 (Theorem 5.1). The ¢! recursion therefore never contracts, and
three consequences follow at once. The decomposition needs o, > 3/4,
that is more than ¢*/* surviving digits, so it says nothing whatever about
a set like {0,1} in base 3. Put Davenport’s unconditional bound into the
quoted step instead of the conditional one and the answer exceeds Ap(x):
no unconditional theorem hides inside this argument. And rearranging the
same two factors by Cauchy-Schwarz instead is worse than trivial.

That is the honest picture: a dense-column theorem, conditional, with a
proved wall on both sides of it. Section 6 lists what it leaves undone.

2. DEFINITIONS

Throughout, e(t) = e2™, ||t|| is the distance from ¢ to the nearest integer,
~v = 0.5772156649. .. is Euler’s constant, and p is the Md&bius function. All
implied constants are made explicit where they matter and are otherwise
absolute unless a subscript says otherwise.

Definition 2.1 (The set, its mass, its meter). Fix an integer base ¢ > 3
and a set £ C {0,1,...,q — 1} of excluded digits, with m = |E| > 1. Put
F={0,1,...,¢q—1}\ E and k = |F| = q¢— m. Let

Sp ={n > 1:every base-q digit of n lies in F'},
and write Ap(z) = #{n € Sp : n < z} for its counting function and

Mp(z) = ) u(n)

neSp
n<x
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for the Mdbius sum over it. The mass exponent is oy = log, k. Counting
digit strings gives Ap(¢¥) > k' — 1 and hence Ap(x) >, 2% for all x > ¢,
50 g is the exponent of the set.

Definition 2.2 (The digit symbol and the level transform). The digit symbol
of F'is gp(t) = Y gere(dt), and Dy(t) = Zg;é e(dt) is the full Dirichlet
kernel, so that |Dg(t)| = |sin(mwqt)/sin(nt)| for t ¢ Z. Let Dy, be the set

of integers >_;; fjq’ with every f; € F, that is the values of the length-L
digit strings over F, leading zeros allowed. The level-L transform is

Frt)y= Y e(nt) =[] gr(d’t),
n€eDy, j<L

the product formula holding because the digits of a string are chosen inde-
pendently.

Definition 2.3 (The one-step constant and the proved bound). The one-
step constant of the shifted-grid recursion is

By(F) =sup ‘QF(

teR r mod q

t+r
L

Write H(n) = lnn + v + i for the standard upper bound on the n-th
harmonic number, and set

&= tar 2H([17])+ (1-2) -2 r0r2n, Pym) = vim .

Lemma 4.4 proves By(F) < qP;(m) for every F' with |E| = m. The cost
exponent is

Cq = logq Pq(m)7
defined from the proved bound P,(m) and never from the exact supremum
By(F); when m is not 1 we write cq(m). Note @, = 2glng (1 + o(1)), so
cg= (Inlng+In(2/7) + o(1))/Ing.

Definition 2.4 (The saving and the certificate). For m excluded digits put

og—3/4—c _
0g = qa/q gapy(m) = kq~** — Py(m).
q
Since ag —3/4—c, = log, (kq=3/*/P,(m)), the two tests agree: 3/4+c, < a
if and only if gap,(m) > 0, and

_ In(1 + gap,(m)/Py(m))
aglng ’

(1) Oq

Form (1) never differences two numbers of size 1 to produce one of size 107°,
and it is the form every printed §, margin below is computed from; the gap,
margins are the difference itself, which is what they are.



A POWER SAVING FOR MOBIUS SUMS ON MISSING-DIGIT INTEGERS 7

Definition 2.5 (The zero-free hypothesis and the exponent it buys). For
3 <a <1, let Z(a) be the hypothesis that L(s, x) has no zero in the half
plane o > a, for every Dirichlet character x of every modulus. Thus Z(1/2)
is the generalized Riemann hypothesis in its Dirichlet form. Let

at1/4, 1/2<a<11/20,
b(a) = min(bpu(a), bz(a)), bpu(a) =< 4/5, 11/20 < a < 3/5,
(a+1)/2, 3/5<a<]l,

with bz(a) = (8a — 7a?)/(4 — 2a) for 1/2 < a < 4/7 and bz(a) = +oo
outside that range. These are the exponents of Quoted 3.1 and Quoted 3.2;
b(1/2) = 3/4, and b(a) > 3/4 throughout (Lemma 3.10). For b € [3/4,1) set

gap, (b, m) = kq™" — Py(m),

let go(a) be the least ¢ > 3 with gap,(b(a),1) > 0, and let Q(b) be the least
q > 40 with (1 — b)(q — 2)(¢ +1)7% > 1.291. Proposition 3.9 shows go(a)
exists and exceeds Q(b(a)) at every a.

3. RESULTS

The quoted inputs. Exactly one analytic input enters the proof, and it
enters once. It is stated here, with its own hypothesis, in the form in which
it is used and no stronger. Nothing below re-proves it or enlarges it. Write

S(x,0) = Z p(n)e(nd).
n<x
Quoted 3.1 (Baker and Harman [1], Theorem, pp. 193-194). Let 1/2 <
a < 1 and suppose that L(s,x) has no zeros in the half plane o > a, for
every Dirichlet character xy. Then

max |S(x,0)| < zbeul@te,

with bgy as in Definition 2.5, the maximum taken over all real # and, for each
fixed a, the implied constant depending at most on a and . In particular,
under the generalized Riemann hypothesis the exponent is 3/4 + .

Quoted 3.2 (Zhang [2], Theorem 1.1). Fix a positive integer [ and suppose
that L(s, x) has no zeros in the half plane o > a for every Dirichlet character
x modulo [. Then for a € [1/2,4/7],

)
max [S(z, a)| < 2" by(a) = %
o — 4a4

At a = 1/2 this is again 3/4, so the generalized Riemann hypothesis endpoint
is not moved. The hypothesis of Quoted 3.1, which is the one carried through
this paper, asks the half plane of every Dirichlet character of every modulus
and so implies this one at every [.
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Quoted 3.3 (Davenport [3], as recorded in Porritt [4], pp. 298-299). Un-
conditionally, for every A > 0,
max 1S(z,0)| <a z(logx)~ .

Quoted 3.3 is used only in Section 5, to prove that this decomposition
yields nothing unconditional. The conjectured truth in place of 3/4 is 1/2,
also recorded in [4]; Section 5 shows that even that would not reach the
sparse range.

The theorem.

Theorem 3.4 (Power saving under the generalized Riemann hypothesis).
Assume Z(1/2): no Dirichlet L-function has a zero in o > 1/2. Let q >
3690, let F' omit exactly one digit, and let € > 0. Then for all x > 2,

|MF (:L‘) | Lge T 3/4+Cq+€a

with ¢y = log, Py(1) as in Definition 2.5. Moreover 3/4 + ¢4 < oy at every

such q, so with

ag—3/4—¢
Qq

the bound reads: for every fized §' < dg,

|Mp(z)] <45 Ap(z)™

The implied constants depend on q and on e (respectively &' ) and on nothing
else; mo uniformity in q is claimed. The endpoint AF(x)1*5‘1 is not proved:
dq 18 fived before € is chosen.

5y = >0

Corollary 3.5 (Several excluded digits). Let |E| = m > 1 and suppose
P,(m) < (g —m)q 3%, that is gap,(m) > 0. Then under Z(1/2) the same
five steps give, for everye >0 and all x > 2,

‘MF($)| <<q,e x3/4+cq(m)+5’

and hence |Mp(z)| <q5 Ap(z)'=% for every fized &' < 8y, with cy(m) as
in Definition 2.5 and 6y formed from it and from oy = log,(q —m) as in
Definition 2.J.

Remark 3.6. No hypothesis on ged(F') is imposed, and none is needed: the
proof never uses multiplicativity or any structure of S beyond the digit
factorisation. In the range of Corollary 3.5 one holds anyway, since m <
|g/2] leaves two consecutive digits in F' and hence ged(F') = 1. At small |F)|
a coprimality hypothesis does become necessary for other statements about
S, and it must then be stated; here it would be decoration.

Proposition 3.7 (The shape at large base). As ¢ — oo with m =1 fized,

. Inln g+ In(2/7) + o(1)
C Ing

1
— 0, ag — 1, 0g — 7-
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So the exponent 1 — &' that Theorem 3./ delivers can be pushed as close to
3/4 as one likes by taking q large: the exponent that the generalized Riemann
hypothesis gives for maxy |S(x,0)| on the whole line, transplanted to the
missing-digit set and measured against that set’s own mass. The convergence
1s logarithmic and nothing better.

The ladder.

Theorem 3.8 (The same saving on any zero-free half plane). Fizr a with
1/2 < a < 1 and assume Z(a). Let F omit exactly one digit and let ¢ > qo(a).
Then for every e >0 and all x > 2,

|MF(SU)| Lqe $b(a)+cq+s’

and b(a) + ¢q < ag, s0 |Mp(z)| <,5 Ap(z)' =0 for every fived §' < 6,(a) =
(ag —b(a) —cq)/aqg > 0. With m excluded digits the same chain runs when-
ever gap,(b(a), m) > 0. All the caveats of Theorem 3./ are unchanged: the
implied constants depend on q and on €, and the endpoint exponent is not
proved.

Proposition 3.9 (The floor, and that every rung has a wall). Letb € [3/4,1)
and Q = Q(b) as in Definition 2.5. Then:
(1) gapgy1 (b, 1) > gap, (b, 1) for every q > Q;
(2) gap,(b,1) <0 for every 3 < q < Q;
(3) consequently qo(a) exists and satisfies qo(a) > Q(b(a)), with
gap,(b(a),1) > 0 for every q > qo(a), so the hypothesis ¢ > qo(a) of
Theorem 3.8 describes a half line, not a window.

Lemma 3.10 (The two exponent tables). On (1/2,4/7) one has bz(a) <
bpu(a), with equality at a = 1/2 (both 3/4) and at a = 4/7 (both 4/5); and
b(a) > 3/4 on all of [1/2,1).

The numbers. Every number in this subsection is computed by
scripts/verify.py from the formulas of Definition 2.3 and Definition 2.4
alone, in the stated finite domain and to the stated direction of rounding.
Throughout, a4 is truncated down at six decimals, ¢, rounded up at five and
04 rounded down at five, each from the unrounded value with a directional
guard of 10712, so every printed digit is a true bound in its own direction
and a4 never prints as 1.000000. Scientific rows carry a relative guard of
10~?, one unit in the tenth significant digit.

Fact 3.11 (The table, one excluded digit). For m = 1 the values below are
correct in the directions just stated, and the last column records the sign of

gap,(1).

Fact 3.12 (The wall at 3690, and the margin). With m = 1: gap,(1) < 0
for every 3 < ¢ < 3689, and gapsggo(l) > 0. At the two bases either
side of the wall, to ten significant digits, the two J, margins through the
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q ag  ¢q (up) d4 (down) closes

1000 0.999855 0.28087 —0.03102 no
2000 0.999934 0.26335 —0.01342 no
3000 0.999958 0.25430 —0.00434 no
3689 0.999966 0.24997 —0.00001 no
3690 0.999967 0.24997 0.00000  yes
5000 0.999976 0.24393 0.00605  yes
10*  0.999989 0.23141 0.01858  yes
10°  0.999999 0.19906 0.05094  yes
10 0.999999 0.17589 0.07411  yes
107 0.999999 0.13305 0.11695  yes
TABLE 1. The mass exponent, the cost exponent and the

saving. The rounded columns cannot display the sign at the
wall; Fact 3.12 certifies it.

cancellation-free form (1) and the two gap, margins as the direct difference
they are,

3680 < —2.395807653 x 1076, gapses0(1) < —1.533059397 x 1074,

3600 > 5.863425182 x 1076, gapagoo(1) > 3.752213034 x 10~
Both margins sit below the fifth printed digit of Table 1, so that table neither
displays nor certifies the sign there. Beyond the wall gap,(1) rises at every
one of the 96310 steps of 3690 < ¢ < 10°, the smallest step being at least
3.172 x 10~° and occurring at ¢ = 99998, at the top of the range rather than
at the wall.

Fact 3.13 (How many digits may be removed). The largest m with
gap,(m) > 0, each asserted maximal:

g max m ag  ¢q (up) d4 (down)
10* 6 0.999934 0.24865 0.00129
10° 78 0.999932 0.24972 0.00022

108 451 0.999967 0.24994 0.00003
TABLE 2. Corollary 3.5 at three bases, against ,/q =
100, 316, 1000. Since Py(m) = /m + ®,/q and ®,/q is
of size (2/m)Ingq, the condition holds asymptotically for all
m < g"2(1 - o(1)).

Fact 3.14 (The rungs of the ladder). The values of gp(a) and Q(b) below
are correct. A rung is meaningless quoted without its a and the table its
exponent comes from, and two different rungs share b = 4/5; “both” means
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the two tables agree there. A row printed with < gives an upper bound on
the least ¢ and not the least ¢ itself.

a b(a) source qo(a) Q(b)
/2 3/4 both 3690 723
13/25 1417/1850 Zhang 8578 1486
11/20 913/1160 Zhang 33547 4754
4/7 4/ both 92317 11221
3/5  4/5 Baker-Harman 92317 11221
2/3  5/6 Baker-Harman 3107080 216023
3/4  7/8 Baker-Harman 6939524168 129458304
4/5  9/10 Baker-Harman < 3.09358 x 1013 128606353005
9/10  19/20 Baker-Harman < 3.23663 x 103* < 1.73431 x 1028
19/20 39/40 Baker-Harman < 9.24614 x 108 < 3.30712 x 10%

TABLE 3. Every common zero-free half plane buys
the saving; the price is paid in the base. Read-
ing down, log;yqo(a) rounded up at two decimals is
3.57,3.94, 4.53, 4.97, 4.97, 6.50, 9.85, 13.50, 34.52, 83.97.

Fact 3.15 (What a weaker half plane spends first). At ¢ = 107 the largest
m with gap,(b(a),m) > 0, for the rungs whose wall lies below 107, is 1971
at a = 1/2, then 1002 at a = 13/25, 365 at a = 11/20, 176 at a = 4/7 and
at a = 3/5, and 8 at a = 2/3. Each is asserted maximal.

4. PROOFS

The proof of Theorem 3.4 is five steps. Four of them are proved here
from the definitions; the fifth is Quoted 3.1, used once and exactly as stated.
None of the four names an exponent, which is why Theorem 3.8 costs nothing
extra.

Step 1: orthogonality.

Lemma 4.1 (Orthogonality and the product formula). For every L > 1
and every integer n with 0 < n < ¢*,

o, =" Y F(()e( i)

0<a<ql q

and Fi(t) = [L<r gr(q’t) for every real t.



12 CARLO MITCHENER

Proof. The additive characters n — e(na/q"), a running mod ¢, satisfy
> mod gL e(na/q"®) = ¢*1 gL~ Hence for 0 <n < q~,

> Fula/gM)e(=na/dt)y=q " Y Y e((v—mn)a/q")

a mod gL v€DL a mod ¢k
=#{veDy:v=nmodq¢"},

and Dy, C [0,¢%), so the last sum is 1p, (n). For the product formula, every
v € Dp, is uniquely >, fj¢’ with f; € F, the choices being independent,

=> > Jlesidt)y =11 > e(fa’t) = [ gr(a’t).

foeF fr—1€F j<L j<L feF j<L
Step 2: the ¢! recursion.
Lemma 4.2 (One constant per digit). Put c, = > <q<qL ]ﬁL(a/qL)|. Then
cr, < By(F)cp—1 for every L > 1, hence ¢, < Bq(F)L and
_ B,(F)\L
q LCL < ( a )) _
q

Proof. Peel the digit at position 0: the product formula gives F L(t) =
gr(t) Fr_1(qt). Write a = @/ + s¢“ ! with 0 < @/ < ¢“ ! and 0 < s < g,
and put ¢ = a’/¢*"'. Then q-a/q" = t' + s, and Fy_, is 1-periodic, so
Fr_1(qa/q") = Fr_1(t); and a/q* = (¢ + s)/q. Therefore

o=y |F 2’9F<t+3)‘

0<a’<ql—1 s mod g
< By(F) Z |FL71 ()| = By(F) cr-1,
0<a/<ql—1
by Definition 2.3. With ¢y = 1 this gives c;, < By(F)~. a

Step 3: the kernel bound. Two elementary inequalities do the work.
Both are stated on the exact range used.

Lemma 4.3 (Two inequalities). For 0 < v < 1, sin(mv) < 4v(1 — v). For

1 2
0<z<m/2, < 41—--=.

sinx Tz T
Proof. Let f(v) = 4v(1 — v) — sin(wv), so f(0) = f(1/2) = f(1) = 0 and
f(v) = f(1—v). Since f"(v) = —8+n?sin(nv), f is convex where sin(mv) <
8/m% and concave where sin(mv) > 8/72; on [0, 1/2] that is one convex piece
[0, o] followed by one concave piece [vg, 1/2], with sin(7vp) = 8/72. On the
convex piece f(0) = 0and f/(0) =4—m > 0, so f > 0 there and in particular
f(vo) > 0. On the concave piece f > min(f(vo), f(1/2)) = 0. Symmetry
gives [1/2,1].

For the second, let h(z) = 1/sinx —1/x on (0,7/2]. Then ' (z) = 1/2? —
cosw/sinx, so K > 0 exactly when sin?x > 22cosx. Put s = sin(z/2),
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so cosz = 1 —2s% > 0 and sin?z = 4s%(1 — s?) on this range. From
r/2 < tan(z/2) = s/v1 — 52 we get 22 < 4s%/(1 — s?), whence

4s2(1 — 22
sin?z — z?cosz > 482(1—82)—M
1—s?
4 2 22 _ 2 6
_ s [(1-s%) = (1 25)]: 4s .
1—s? 1—s2 —
So h increases on (0,7/2] and h(z) < h(w/2) =1—2/7. O

Lemma 4.4 (The kernel bound). For every g > 3 and every E C {0,...,q—
1} with |E| = m,

sup Z ‘Dq(t"‘r)‘g@q, Z ‘gE<tZr)’§q\/ﬁ for every t,

t r mod ¢q q r mod ¢q
and hence By(F) < @, + gv/m = q Py(m).

Proof. Fix t and put v = {t}/q € [0,1/q), so that the ¢ points u, = (t+71)/q
are, modulo 1, exactly v + r/q for r = 0,...,¢ — 1: a grid of spacing 1/q.
Because qu, = t + r, we have |sin(mqu,)| = |sin(nt)| for every r; write
S = |sin(nt)| = sin(rw) with w = qv € [0,1). Writing d, = |Ju,||, we get
|Dg(ur)| = S/sin(nd,) when d, > 0, and |Dg(u,)| = ¢ when d, = 0 (which
happens only if w = 0, and then S = 0 and every other term vanishes, so
the whole sum is ¢ < ®4; assume w € (0, 1) from here).

The multiset of distances is {(w + j)/¢} and {(j + 1 — w)/q} for j =
0,1,2,..., truncated to ¢ values in all. The two values at j = 0 are d = w/q
and d = (1 —w)/q, both at most 1/¢. By Lemma 4.3 with x = mw/q < /2
and x = 7(1 —w)/q < 7/2, those two contribute

! 1 - q q 4
St st —wyyg) < Gt ey T2 7
4 4
<—g+2--,

using sin(rw) < 4w(1 — w) on the first two terms and sin(mw) < 1 on the
third; and 2 — 4/7 = 0.7267... < 0.727.

Each of the remaining ¢ — 2 points has d, > j/q for its own index j > 1,
and d, < 1/2 always, so nd, < m/2 and Lemma 4.3 gives S/sin(wd,) <
1/(mdy)+1 -2/ < q/(rj)+1—2/m. At most n = [(¢ — 2)/2] of them

occur on each of the two sides, so summing and using 3_,,, 1/j < H(n),

> D)) < ZHm) + - 2)(1-2).

remaining

Adding the two bounds gives ®,.
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For the excluded part, expand the square and sum over the grid: since
the elements of E are distinct residues mod g,

S (M) = 3 (50 5 ()

7 mod g q q r mod g q
=q#{(d,d) € ExE:d=d} =qm,

an exact identity, not an estimate. Cauchy-Schwarz over the ¢ points turns

it into 3, l9p| < /G- v/qm = qy/m. Finally |gp| =Dy — gu| < [Dy| + |gk]
pointwise, so By(F) < &, + g/m. O

Step 5: assembly.

Proof of Theorem 3./ and Corollary 3.5. Let 5 denote the exponent sup-
plied by the quoted input, so 5 = 3/4 here and 8 = b(a) in Theorem 3.8;
nothing in this proof uses the value of 5 beyond 8 < 1. Fix ¢ > 0 and
let 2 > 2, and set L = [log,(z + 1)], so that x < ¢* < q(z 4 1). Write
T(y) = maxy |S(y,0)], so that T(y) <. ¥+ by Quoted 3.1.

Suppose first 0 € F. Then an integer n with 1 < n < ¢% lies in Sp if
and only if n € Dy, since padding with leading zeros is allowed. Hence by
Lemma 4.1,

L =~ a —a
Mp(z) = Z u(n)lp, (n) =q Z FL(—L>S(JU, T)’
I<n<z 0<a<ql 9 9
the interchange being a finite sum. Taking absolute values and applying
Lemma 4.2 and then Lemma 4.4,

By(F)
q
Since ¢ < g(z + 1) < 3¢z and ¢; > 0, we have ¢F% < (3gx)% <, 2%, so

|Mp(z)| <qe aPteate.

Suppose instead 0 ¢ F. Then every digit string over F' has a nonzero
leading digit, so D; is exactly the set of members of Sp with precisely
[ digits, and these blocks are disjoint. For [ < L the block D; lies en-
tirely in [1,¢"), and the display above run at level I with y = ¢ gives
Y nep, 1(n)] < ¢ T(q") <. ¢'Pteate); the top block, truncated at z, gives
q"«T(z). Summing over | < L is a geometric series of ratio ¢°*+¢ > 1, so
the total is <4 ¢ gHPreate) <ge xPteate again. In both cases the finitely
many x in any bounded range are absorbed by the implied constant.

It remains to convert to the Ap yardstick, and that is where the hypothesis
on ¢ enters. By Definition 2.1, Ap(z) >4 %, so

|Mp(z)] <qe 220+ < Ap(a)Breatel/on = gp(z)1-de+e/oa,

valid for x > ¢, which is a saving exactly when 3 + ¢; < ay, that is when
gap,(8,m) > 0 by Definition 2.4. For 2 < x < ¢ the sum Mp(x) runs over
at most ¢ terms and Ap(x) is either 0, when Mp(x) = 0 too, or at least

|Mp(z)| < q "ep - T(x) < ( )LT(x) < Py(m)* T(z) = ¢" T (x).
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1, so those x are absorbed by the implied constant as well. Given a fixed
&' < 34, choosing € = ay (8, — &) yields |Mp(x)| <45 Ap(z)'~?. Because e
is chosen after ¢, and € > 0 is forced, the endpoint ¢’ = ¢, is not attained
by this argument.

For Theorem 3.4, 8 = 3/4 and m = 1, and gap, (1) > 0 for every ¢ > 3690
by Fact 3.12 together with Proposition 3.9(1) at b = 3/4, whose floor is
Q(3/4) = 723 < 3690. For Corollary 3.5 the hypothesis gap,(m) > 0 is
assumed outright. O

Proof of Proposition 5.7. H(n) = Inn + O(1) and n = [(¢ — 2)/2], so
o, = %hlq%— O(q) and Py(1) = 1+ ®,/¢ = 2Ing(1 + o(1)). Hence
cqg = log, Py(1) = (Inlng+In(2/7)+0(1))/Ing — 0, while oy = log,(¢—1) =
1 +log,(1 —1/q) — 1. Therefore §, = (ag — 3/4 — ¢4)/aqg — 1/4, and
1—-6,+ec=3/4+0(1)as ¢ = oo and € = 0. O

Proof of Theorem 3.8. Identical to the proof of Theorem 3.4 with 5 = b(a)
in place of 3/4: Lemmas 4.1, 4.2 and 4.4 and the assembly above never
name the exponent, and the geometric series still has ratio above 1 because
b(a) < 1. The quoted input is Quoted 3.1 at a when b(a) = bpg(a) and
Quoted 3.2 at a when b(a) = bz(a); both have hypothesis exactly Z(a), and
b(a) is by definition the smaller. The condition gap,(b(a),1) > 0 holds for
every q > qo(a) by Proposition 3.9. O

Proof of Lemma 3.10. Three factorisations, each an identity of rational func-
tions:

~5(a = Ha -2

bz(a) = (a+ ) =

4—2a ’

bata) — 4 = 0 D0T5)
(e — Ly(a_ &

bz(a) — 3 = " 4—2)2(a 7).

On 4 — 2a > 0 the signs read off: the first is negative on (1/2,11/20),
the second on [11/20,4/7), and the third is positive on (1/2,4/7], with the
first and second vanishing at a = 1/2 and a = 4/7 respectively. For bpy,

a+1/4>3/4and (a+1)/2 > 3/4 when a > 1/2, and 4/5 > 3/4. O
The floor.

Proof of Proposition 3.9. Write u = 1 —b € (0,1/4] and P, (1) = 1+ 44
2 (In %4—7) +(1— %)%, which is at most P,(1) because n = [(¢—2)/2] >

(g —2)/2 and the terms - and 0.727/q are dropped.

(1) The step. First the cost side: Pyy1(1) — Py(1) < 1.291/(¢q —2) for ¢ >
40. Passing from g to ¢+ 1, the index n rises by 0 or 1. If it does not rise the
whole change is negative: the (1—2)(g—2)/q term rises by 2(1—2)/(q(q+1)),
the 0.727/q term falls by 0.727/(q(q+1)), and 2(1—2) = 0.72676.... < 0.727.

™
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If n rises by one, then H(n+ 1) — H(n) = lnm'1 + 2(n1+1) — % < % < =
contributing under /” ; the term (1 — 7)(1 - f) rises by 2(1 — 2 =)/(q(q 1))
which is at most 0. 017/(q 2) once g% —41.75q +85.5 > 0, that is for ¢ > 40;
and 0.727/q falls. Adding, P,11(1) — P,(1) < (4/7 +0.017)/(q — 2) <
1.291/(q — 2).

Now the mass side. With f(q) = (¢ — 1)g~ one has f'(¢q) = ¢~ 1((1 -
b)g+b) > (1 —b)g?, so

l\')

g+1
)= f@= [ FWd>-ne+)
Hence gap,, (b, 1) — gap,(b,1) > (1 —b)(q + 1)7° — 1.291/(¢q — 2), which
is positive if (1 — b)(q — 2)(q +1)7% > 1.291, and that quantity is strictly
increasing in ¢ because 4 4 l(@=2)(g+1)~ = (g+ 1) L(g+1-b(g—2)) > 0.
So the step is positive at every g > Q(b).

(2) Nothing closes at or below the floor. Since ¢~° < ¢=3/* for ¢ > 1
and b > 3/4, we have gap,(b,1) < gap,(3/4,1), and the latter is negative
on 3 < ¢ < 3689 by Fact 3.12. So assume @ = Q(b) > 3690 and consider
3690 < ¢ < Q.

Both factors of (1—b)(q—2)(qg+1)7? fall as b rises at fixed ¢, so Q(b) rises
with b and Q > Q(3/4) = 723. Minimality of Q gives (1 —b)(Q —3)Q™? <
1.291, hence

1.291 1.291

Q-1Q< +2Q7 < ==22 40.015,

u
the slack because 2-72373/* < 0.015; and (1-b)(Q—2)(Q+1)~" > 1.291 with
Q—2<Q+1gives (Q+1)" > 1.291/u, that is In(Q + 1) > In(1.291/u) /u.
Feeding both into P, (1) through In Q 2 >1n(Q+1)—In 148 and Q 2> 121

721 723
) 2 In(1.291 /u) 4 2 1448 721
Py(1) > 2 M2 S e V) M I
Q> - = =l (I )+ )723
and k = 2.55916... > 0.015 + 2.544, so
1.201 2 In(1.291 A
gapg (b, 1) < ——— +0.015 — = n(1291/) o Alw)
u ™ u u

where A(u) = 1.291—% In(1.291/u)—2.544 u, the coefficient 2.544 assembling
the three ingredients 0.015, In(1448/721) and 721/723. Now A'(u) = 2 —
2544 > 0 for u < 1/4 < 55, so A(u) < A(1/4) = —0.39014... < 0
on (0,1/4], and dividing a negative number by u < 1/4 gives gapg(b,1) <
AA(1/4) < —1.56.
Next, U(q) = ¢'~° — P, (1) dominates the gap, since (g — g < ¢
and P, (1) < Py(1); and it exceeds it by
2n 1 0.727
— — < 0.004 > 3690

2
U(q) —gapy(b,1) = ¢~ "+ ;(ln
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because ¢~ < 369073/ < 0.0022, hléﬁh < In 1= < 0.0003, , 2 < 0.0003

and 0.727/q < 0.0002. So U(Q) < —1. 556
Finally U has exactly one interior minimum on ¢ > 2. Indeed

Ulg) = (1 -y = 2T 2020

q—2 ¢
and U'(q) > 0 if and only if [%qq— — 2)¢*=2] /(1 —b) < 1. The bracket
is strictly decreasing, since jq @ qb—l % <0and b—2 <0, and it

falls from +oco to 0; so U’ is negative and then positive, and U attains its
maximum on any interval at an endpoint. Hence on [3690, Q)],

gap, (b, 1) < U(q) < max(U(3690),U(Q)).

We have U(Q) < —1.556. And U(3690) falls as b rises, with U(3690) < —0.95
at b = 1417/1850; while any b < 1417/1850 has Q(b) < Q(1417/1850) =
1486 < 3690, so the interval is empty. Both endpoints are therefore negative
and gap,(b,1) < 0 on [3690, Q].

(3) By (2) the gap is negative up to Q(b), by (1) it increases strictly from
Q(b) on, and gap, (b, 1) — oo as ¢ — oo since q'~? outgrows P,(1) = O(In q).
So a least ¢ with a positive gap exists, exceeds Q(b), and the gap stays
positive above it. O

5. THE WALL THIS METHOD RUNS INTO

Everything above is bought with one trade: a supremum over frequencies
against an ¢! mass. That trade has a floor, and the floor is an identity
rather than an estimate. It is worth proving because it says exactly which
problems this argument can never touch, and it says so unconditionally.

Theorem 5.1 (The ¢! floor). For every base ¢ > 2 and every digit set
F CH{0,...,q— 1} with k = |F| > 1, and for every real t,

‘QF(t—iq—TNQ:qk and hence Z ’gp(tzr)’ >q
r mod ¢q r mod q

Consequently By(F') > q, the recursion of Lemma 4.2 never contracts, and
q Lep > 1 for every L.

Proof. The identity is the computation of Lemma 4.4 with F' in place of E:
the digits of F' are distinct residues mod ¢, so the off-diagonal terms are
killed by >, modqe((d d")r/q) = 0, leaving ¢gk. Since |gr| < k pointwise,
Selgrl > (X, lgrl?)/ max, |gr| > gk/k = g. Running the recursion of
Lemma 4.2 with > in place of < gives ¢, > gc¢r—1 and so ¢f, > ¢~. (]

Corollary 5.2 (Three things this decomposition cannot do). Let 8 be the
exponent supplied to step 4 and let F' be any digit set.



18 CARLO MITCHENER

(1) Sparse columns are out of reach. The chain closes only if og >
B. With B = 3/4 that is k > ¢**, which F = {0,1} in base 3
already fails, its mass exponent being logs 2 = 0.6309. . .; and with the
conjectured B = 1/2 in place of 3/4 it is still k > q*/?, which every
family of fived digit count fails as soon as q > k*. No hypothesis
about L-functions moves either threshold.

(2) Nothing unconditional is hiding here. Feeding Quoted 3.3 into step
4 produces a bound of size at least x(logx)™4, which exceeds Ap(x)
by the factor z1~%(log .CE)_A — 00. Moreover no unconditional uni-
form power saving can be substituted, because such an input is it-
self a zero-free half plane: if maxg|S(z,0)] < z'=" then in par-
ticular Y, <, i(n) < ', and partial summation in 1/((s) =
s [T (X n<u pt(n))u=*"1 du then gives an analytic continuation of 1/¢
with no pole in o > 1 —1.

(3) Rearranging the same two factors is worse than trivial. Cauchy-
Schwarz with Parseval on both sides, 3, mod oL |Ep(a/q")|? = ¢“kE
and Za mod gL ’S(qLaa/qLMQ - qL anqL M<n>2 ~ %q2L7 gives the
exponent (14 ay)/2, which exceeds oy at every oy < 1.

Proof. (1) is ag > 8+ ¢4 together with ¢, > 0, which holds because P,(m) >
1; Theorem 5.1 says the same for the exact constant, so no sharpening
of Lemma 4.4 can rescue the sparse range. (2) and (3) are the displayed
computations, using Theorem 5.1 for the lower bound ¢~ %cz, > 1 in (2) and
the two Parseval identities in (3). O

Remark 5.3 (This is a limit of the method, not of the problem, and the
sources say so about their own). The same phenomenon is named by the
papers this one leans on. Maynard [6] writes that “the exponent 4/5 ...
represents a limit of our basic method”, and his results carry density floors
of exactly this shape, s < q'/5¢ excluded digits in general and g—s > qt/ote
when they are consecutive; in [5] the corresponding thresholds are s < ¢23/80
and s < g —¢°"/®, both measured by the ¢! exponent of the digit transform.
So the shape of the obstruction is known and belongs to the field. What
Theorem 5.1 adds is the exact constant behind it in this setting: the shifted-
grid £? mass is gk on the nose at every digit set and every t, so By(F) > ¢
with no room at all. That is a sharpening of a known limitation, not a new
one.

6. OPEN PROBLEMS

Four things are left undone and none of them is close. First, the uncon-
ditional problem: by Corollary 5.2(2) no unconditional bound on Mp(z)
follows from this decomposition, and getting one means splitting the fre-
quencies into arcs and using the behaviour of p in progressions to modulus
¢’, which the argument here never touches; the shape to aim at is already
in print for A rather than p, since [6] records that its own error terms could
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be made effective of size O((q—1)* exp(—ck'/?)). Second, the sparse regime:
Corollary 5.2(1) closes the range k < ¢*/* to this method permanently, and
the natural target there, square-root cancellation |Mp(z)| < Ap(z)Y/?+¢ for
a fixed digit count, is beyond even the conjectural version of the argument.
Third, the constant 0.727 and everything downstream of it: Lemma 4.4
splits |gr| < |Dy|+ |9k, and that triangle inequality is where sharpness dies
at moderate ¢, so a direct evaluation of B,(F') for each pair (¢, E), or the
sharper single-arc proposition that Baker and Harman prove on the same
pages as Quoted 3.1 and that beats the uniform maximum at low denomi-
nators, would lower ¢, and gy together. Fourth, whether 3690 is sharp for
this method: it is the least base at which the proved constant P,(1) closes
the gap, and it is not the least base at which the true constant B,(F')/q
does; replacing the bound by the exact supremum moves the crossing down
by roughly a factor of two, but that is a grid computation with a margin in
the fifth decimal, it is not a theorem, and no statement in this paper may
be quoted with a base below 3690. A proof that ¢ — B,(F')/q crosses the
mass exponent exactly once, which the proved bound has (Proposition 3.9)
and the exact constant is not known to have, is the first thing anyone should
want.

7. REPRODUCIBILITY

One script, scripts/verify.py, recomputes every number printed in this
paper except one, the base at which the exact supremum By (F') would close
the gap, quoted in Section 6 and labelled there. It uses the Python standard
library only (math, cmath, decimal, fractions), takes no arguments, reads
no files, writes nothing, and runs from the lane root in under three seconds
on a laptop. It recomputes each quantity from the formulas of Definition 2.3,
Definition 2.4 and Definition 2.5 directly, and it is independent of the gen-
erator [13] that produced these tables in the first place; the two agree to
every printed digit. Every assertion names the value obtained and the value
expected, and any mismatch aborts the run. The coverage is exactly this.

e Table 1. All four columns at all ten bases, with the stated rounding
directions and the guard 10712, and the equivalence of the two tests
3/4+ ¢y < ag and gapq(l) > 0 at every integer 3 < ¢ < 20000.

e Fact 3.12. The exhaustive scan gap,(1) < 0 for every integer 3 <
g < 3689 and gapsg9q(1) > 0; the four ten-digit margins at a relative
guard of 1079, the two in d, through the cancellation-free form (1)
and the two in gap, as the direct difference; and the 96310 steps of
3690 < ¢ < 10°, every one of them positive, with the smallest at
q = 99998.

o Table 2 and Fact 3.15. The maxima m = 6,78,451 at the bases
q = 10%,10°,10% and the six ladder budgets at ¢ = 107, each asserted
maximal by testing m and m + 1; and the three exponent columns
of Table 2.
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Table 3. The exponents b(a) at all ten rungs in exact rational arith-
metic, compared by cross multiplication and never by floating point;
Q(b) at each rung, with (1 — b)(¢ — 2)(g + 1)~ tested at Q and at
Q — 1; and go(a) at each rung, with gap,(b(a),1) tested at go and
at go — 1 in 60-digit decimal arithmetic, so that the a = 3/4 rung,
where two numbers of size 17 cancel to 4.6 x 10711, is decided outside
the range of double precision. The five rungs whose wall lies below
10, four distinct walls, are reproduced by an exhaustive scan from
g = 3; and log;( qo(a) rounded up at two decimals is checked against
the trend printed in Table 3. For the three rows printed with <, the
printed decimal is rebuilt digit by digit as an exact integer, never
through a float, and the check is that the gap is positive at that
integer, which is what < asserts; where the floor column also prints
<, that Q(b) is at most the printed integer.

Lemma 3.10. The three factorisations and the sign pattern, verified
at every rational a of denominator at most 200 in the open range, in
exact integer arithmetic.

Proposition 3.9. The constants of the general-b argument on the grid
b = 0.750,0.755,...,0.975: that Q(b) > 723, that gapQ(b)(b, 1) <
—1.56, that U(Q(b)) — gapg)(b, 1) < 0.004, and that U(3690,b) <
—0.95 at every b > 1417/1850 while Q(b) < 1486 below it. Also
A(1/4) = —0.39014. .. and 2 - 7237%/* < 0.015.

Lemma 4.3 and Lemma 4.4. Both elementary inequalities on a grid
of 20001 points of their stated ranges; and the proved bound ®,
against the exact shifted-grid sum -, |D,((t + 7)/q)| on a grid of
2001 values of ¢, at every ¢ in the list 3,5,7,10,37,100,257,1000,
confirming both that the bound holds and that it carries at least
eight percent slack at each of them.

Theorem 5.1. The identity Y, |gr((t + 7)/q)|> = gk to machine
precision at all 1009 nonempty digit sets of the bases 3 < ¢ <9 and
at 20 values of t each, together with Y, |gr((t +7)/q)| > ¢ at the
same points.

Proposition 3.7. That ¢, tracks (Inlng+1In(2/7))/In ¢ to within 0.01
at ¢ = 1012,

Figure 1 is drawn in TgX from the same formulas; scripts/figure.py

renders the same curves to figures/figure.svg and runs in well under a
second, writing only into figures/. The avatar on the title page is the level-
3 transform |F3(a/q?)| of Definition 2.2 at ¢ = 7 with the digit 3 removed,
all 343 frequencies drawn once, the self-similar comb whose ¢! mass is what
Lemma 4.2 pays for.

One quantity quoted in this paper lies outside the script’s domain and is

labelled where it appears: the base near which the ezact supremum B, (F)
would close the gap, mentioned in Section 6. It is a grid computation with a
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hair-width margin, it enters no statement, and no bound in this paper rests
on it.
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