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Abstract. Spin a black-and-white picture about its centre and record
how much of it survives at each order of rotational symmetry. That list
of numbers looks like a transform, but for a picture drawn as a pattern of
equal square cells on a square raster it is not: every order of the list is one
fixed linear function of a single table of integers, the number of filled cell
pairs of each shape, two pairs having the same shape when a symmetry
of the square carries one to the other. Two such pictures with the same
table therefore have the same list at every order, at every resolution
and under every truncation, exactly and with no transform run. At
base three and one level of refinement the table has eleven entries, the
designs fall into 101 symmetry classes, and the table takes only 97 values;
the four collisions are exhibited and their spectra shown identical. Two
geometric identities, a pair of cells whose rings overlap at a single radius
and nowhere else and the raster’s similarity to its own centre cell, pin
the rank of that linear function at nine of the eleven entries, split as six
even orders and three odd, and the thirteen lowest orders already attain
every bound. At two levels of refinement the spectrum separates all 101
classes with the two closest still three percent apart, so in this family
the spin spectrum is a complete invariant of the symmetry class, and
the credit belongs to the table.

1. Introduction

design 45 design 105

=

Figure 1. Two designs that no spin can tell apart at one
level of refinement. They are not related by any rotation or
reflection of the square and are not translates of one another,
yet the eleven numbers counting their filled cell pairs class
by class agree: both censuses are (2, 2, 1, 0, 2, 0, 2, 0, 0, 1, 0).
By Theorem 3.1 that forces every order of their spin spectra
to agree exactly. Rendered one level finer they part, and
Fact 6.1 says the spectrum then parts them too.

Take a black-and-white picture, spin it about its centre, and watch what
the blur keeps. Turning by a third of a turn and averaging destroys every-
thing except the part of the picture that already had threefold symmetry;
averaging over every angle leaves only the part that was a set of concentric
rings. Between those two extremes sits a whole ladder: for each whole num-
ber m, the part of the picture that repeats m times around the centre, and
how much of the picture’s substance sits there. The list of those amounts
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is the picture’s spin spectrum. It is a natural thing to measure. It does not
change when the picture is turned, so it is a fingerprint that survives the one
transformation a spinning object is guaranteed to undergo, and it is exactly
what a powder diffractometer reads off an orientation-averaged sample [1].

The question this paper answers is how good a fingerprint it is, and the
answer is sharper and more disappointing than a transform usually allows.
Draw the picture as a black-and-white pattern of equal square cells on a
square raster. Then the whole spectrum is a fixed linear function of one
table of integers, and that table has nothing to do with rotation. Number
the cells, and for each unordered pair of filled cells record which orbit of
the square’s eight symmetries that pair falls into; count the pairs in each
orbit. That table of counts, the pair census, is the only thing the spectrum
sees. Two designs with the same census have the same spectrum at every
order, at every resolution, under every truncation, and in exact arithmetic,
no transform required (Theorem 3.1).

That is not a soft statement about approximate agreement. Figure 1
draws two nine-cell designs that are genuinely different, in different orbits of
the square’s symmetry group, whose eleven census numbers coincide. Their
spin spectra are then equal identically, at every m and at every ring resolu-
tion. There are exactly four such pairs among the 101 symmetry classes of
nine-cell designs (Theorem 4.3), and they are the only obstruction at that
scale: the census takes 97 values where the classes number 101.

Readers of crystallography will recognise the shape of this. The pair cen-
sus is the Patterson function of the design, coarsened by the symmetry group
of the raster, and designs with equal censuses are homometric in Patterson’s
sense [5]; the classification of homometric sets is an old and hard question
[6]. Readers of spectral geometry will recognise another: the question “does
the spin spectrum determine the design” is the pattern-recognition cousin
of Kac’s drum [4], whose answer in the original setting is no [2]. Readers of
image analysis will recognise a third: rotation-invariant moment descriptors
are old [3], and the completeness of a truncated family of them is exactly
the practical worry [7]. The contribution here is to make the reduction ex-
act rather than approximate, to locate the loss precisely, and then to report
what a complete finite search finds.

What the search finds is that the fingerprint works anyway, for a reason
that is not the spectrum’s doing. At base three, reading the spectrum on
the level-two render of a design separates all 101 symmetry classes of the
511 nonempty designs, with the two closest classes still 3.3 percent apart
(Fact 6.1). The reduction says this could only have happened because the
two-level census separates them, and it does. So the spin spectrum is a com-
plete invariant of the symmetry class in this family, but the credit belongs
to the census, and the paper says so. And it is not the spectrum reading
so many orders that nothing is left to miss: the thirteen orders used here
catch at most 97.8 percent of a design’s angular energy and as little as 89.9
percent (Fact 6.3).
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The paper also measures how much of the census the spectrum throws
away, and proves that the throwing-away is forced. At level one the census
has eleven directions and the spectrum reads exactly nine of them. Two
directions are lost, and both losses have one-line geometric causes. The
centre cell of the raster lies in the closed disc of radius

√
2/6 and every

corner cell in the closed region outside that disc; the two touch, and touch
only on the circle r =

√
2/6 itself, which is the centre cell’s farthest point and

the corner cell’s nearest. So a corner and the centre share exactly one ring
out of a continuum, a set of measure zero, and their Gram entry vanishes
at every order: one direction gone. The raster is similar to its own centre
cell at ratio one third, so the spectrum of the whole square is nine times the
spectrum of the centre cell at every order: a second direction gone. Those
two relations cap the rank at nine (Theorem 5.4), and the thirteen lowest
orders already reach the cap (Fact 5.5). The same argument, run on the
involution that half-turns one member of a pair, splits the cap into three for
the odd orders and six for the even ones, and both halves are attained.

1.1. What is proved and what is only checked. Theorem 3.1 is a theo-
rem proved from the definitions alone, with no hypotheses beyond the ones
stated: the render is a constant-valued indicator on a square raster, and the
radii at which the spectrum is read do not depend on the design. Proposi-
tion 4.1 and Theorem 4.3 are finite exact statements about integers, proved
by complete enumeration in integer arithmetic, Proposition 4.2 is proved by
the orbit-counting lemma, and the reader can check the census of Fig. 1 by
hand in a minute. Theorem 5.4 is a theorem about the coefficients at every
order, proved from the two geometric relations above together with the half-
turn involution of Lemma 5.3. Everything that depends on the numerical
value of a Gram entry is labelled a Fact, carries its exact finite domain, and
names the script that computes it; the quadrature used is a tanh-sinh rule
on an exactly located segmentation of the radius, and its agreement with a
finer rule is reported alongside every number it produces.

2. Definitions

Fix a base q ≥ 2 and a dimension D ≥ 2. This paper is mostly about
q = 3, D = 2.

Definition 2.1 (design and code). A design is a subset ∆ ⊆ {0, . . . , q−1}D
of the digit cells of the unit D-cube. Writing the cells in row-major order as
0, . . . , qD − 1, the design’s code is the integer

∑
j∈∆ 2j . At q = 3, D = 2 the

codes run from 1 to 511.

Definition 2.2 (render). The level-L render of ∆ is the L-fold Kronecker
power: the set ∆L of cells of the qL × · · · × qL raster whose base-q digit
vectors all lie in ∆. Its indicator is the function fL =

∑
j∈∆L

1Cj , where Cj
is the closed cell of side q−L, on the cube [−1

2 ,
1
2 ]D centred at the origin.
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Definition 2.3 (spin spectrum). For D = 2, write a point as (r, φ) in polar
coordinates about the origin, which is the raster’s centre. The m-th circular
harmonic of a bounded measurable f is

fm(r) = 1
2π

∫ 2π

0
f(r, φ) e−imφ dφ,

and the spin spectrum of f is the sequence

Pm(f) =
∫ ∞

0
|fm(r)|2 2πr dr, m ∈ Z.

Since f is real, f−m = fm and P−m = Pm, so only m ≥ 0 carries information.
Parseval on each circle gives

∑
m∈Z Pm =

∫
f2, the area of the render when

f is a 0/1 indicator.

The name is literal. Averaging f over the q rotations by multiples of
2π/q kills every fm with q ∤ m and keeps the rest, because the q-th roots
of unity sum to zero; averaging over all rotations keeps m = 0 alone, the
ring profile. So Pm measures exactly how much of the design survives the
rotational averaging that keeps m-fold symmetry.

Definition 2.4 (pair census). Let G be the symmetry group of the raster
fixing its centre: the dihedral group of order 8 when D = 2, the group of
order 48 when D = 3. It permutes the qLD cells, hence the unordered pairs
{j, k} of cells, repetitions allowed. Let CL be the set of orbits of that action,
the pair classes. The pair census of any set T of cells of the level-L raster
is the integer vector

ΦL(T ) =
(
#{{j, k} ⊆ T : {j, k} ∈ c}

)
c∈CL

,

and the pair census of a design ∆ at level L is ΦL(∆L), written ΦL(∆).

The pair census is a coarsening of the Patterson function [5]: the Pat-
terson function records the multiset of difference vectors, while ΦL records
that multiset folded by G and by the raster’s own boundary, so equal Patter-
son functions give equal censuses but not conversely. The counts are exact
integers and no transform enters their computation.

3. The spectrum is a linear functional of the census

Theorem 3.1. Let f =
∑
j xj1Cj be a constant-valued 0/1 indicator on the

cells of the level-L raster, centred at the origin, with filled set T = {j : xj =
1}, and let gm,j be the m-th circular harmonic of 1Cj . Set

Qm[j, k] =
∫ ∞

0
Re

(
gm,j(r) gm,k(r)

)
2πr dr.

Then Pm(f) =
∑
j,k xjxkQm[j, k], and Qm[σj, σk] = Qm[j, k] for every σ ∈

G. Consequently Qm is constant on pair classes, and writing Qm(c) for its
value on the class c and εc ∈ {1, 2} for the number of ordered pairs each
unordered pair of c contributes, which is constant on the class because every
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σ ∈ G carries a self-pair to a self-pair, so a class holds either only self-pairs
or none,

Pm(f) =
∑
c∈CL

εc ΦL(T )[c]Qm(c).

Proof. The map f 7→ fm(r) is linear, so fm =
∑
j xjgm,j and

|fm(r)|2 =
∑
j,k

xjxk gm,j(r)gm,k(r).

The left side is real, so the right side equals its own real part term by term
after summing, and integrating against 2πr dr gives the quadratic form.

For the invariance, let ρθ be the rotation by θ about the origin. If h =
1S ◦ ρ−1

θ then hm(r) = e−imθ(1S)m(r), directly from the definition after
the substitution φ 7→ φ − θ. Hence gm,ρθj = e−imθgm,j , and the product
gm,ρjgm,ρk = e−imθe+imθgm,jgm,k is unchanged.

Now let σ be the reflection in the line through the origin at angle α, which
sends the point (r, φ) to the point (r, 2α−φ). Substituting ψ = 2α−φ gives
hm(r) = e−2imα (1S)m(r), using that um is the coefficient of e+imψ for real
u. Hence

gm,σjgm,σk = e−2imαgm,j · e2imαgm,k = gm,jgm,k,

whose real part is unchanged. Every element of G is one of these two kinds,
so Qm is G-invariant, hence constant on the orbits of G on pairs. Collecting
the ordered pairs (j, k) with both cells filled into their classes gives the last
display. □

Corollary 3.2. If two designs have the same level-L pair census then their
level-L spin spectra agree exactly, at every order m.

Remark 3.3 (rings and truncations). The proof uses the radial measure only
through the fact that it is the same for every cell and does not depend on
the design. So the conclusion survives verbatim if

∫ ∞
0 · 2πr dr is replaced by

a finite sum over a fixed list of radii, by a band-limited integral, or by any
other design-independent radial measure. It also survives restricting m to
a finite set. This is why the statement is about every ring count and every
truncation: no choice of instrument recovers what the census has already
merged.

Remark 3.4 (three dimensions). In D = 3 the rotation group acts on the
2l + 1 spherical harmonics of degree l by an irreducible unitary representa-
tion, so a single |flm|2 is not invariant and the covariant object is the total
degree-l power Pl =

∑
|m|≤l

∫
|flm(r)|24πr2dr, where flm(r) is the mean

1
4π

∫
f(r, ω)Ylm(ω) dω against harmonics normalised to

∫
|Ylm|2dω = 4π.

That is the mean-value convention of Definition 2.3 one dimension up, and
it keeps Parseval in the form

∑
l,m

∫
|flm|24πr2dr =

∫
f2. With that reading

the proof goes through unchanged, the group being the order-48 symmetry
group of the cubic raster.
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4. Level one at base three

Proposition 4.1. At q = 3, D = 2 the dihedral group of order 8 has exactly
11 orbits on the 45 unordered pairs of the nine cells, listed in Table 1. At
level 2, on the 81 cells of the 9 × 9 raster, it has 461. On the 5 × 5 raster
it has 55 and on the 25 × 25 raster, one level finer at base five, 24 805; the
order-48 group on the 27 cells of the 3 × 3 × 3 raster has 24.

Proof. Direct enumeration of the orbits in exact integer arithmetic, by sweep-
ing the pairs in order and marking each new pair’s whole orbit; block 1 of
scripts/verify.py. The level-one table is small enough to check by hand:
the nine cells fall into four corners, four edge cells and one centre, so a pair
is typed by the kinds of its two cells together with the distance between
their centres, and Table 1 shows that this pair of data separates the orbits
and that the eleven class sizes sum to 45. □

c representative the two cells size
0 {0, 0} a corner with itself 4
1 {0, 1} a corner and a neighbouring edge cell, 1

3 apart 8
2 {0, 2} two corners of one side, 2

3 apart 4
3 {0, 4} a corner and the centre,

√
2

3 apart 4
4 {0, 5} a corner and a far edge cell,

√
5

3 apart 8
5 {0, 8} two opposite corners, 2

√
2

3 apart 2
6 {1, 1} an edge cell with itself 4
7 {1, 3} two adjacent edge cells,

√
2

3 apart 4
8 {1, 4} an edge cell and the centre, 1

3 apart 4
9 {1, 7} two opposite edge cells, 2

3 apart 2
10 {4, 4} the centre with itself 1

Table 1. The eleven level-one pair classes at base three.
Cells are numbered 0 to 8 in row-major order, so 0, 2, 6,
8 are the corners, 1, 3, 5, 7 the edge cells and 4 the centre.
Sizes are counts of unordered pairs and sum to 45.

Proposition 4.2. The dihedral group of order 8 has exactly 102 orbits on
the 512 subsets of the nine cells, so 101 nonempty designs up to symmetry,
and the largest orbit has 8 members.

Proof. The orbit-counting lemma averages the number of subsets each group
element fixes, which is 2k with k the number of cycles it has on the cells. The
identity has 9 cycles; each quarter turn has one fixed cell and two 4-cycles,
so 3; the half turn has one fixed cell and four transpositions, so 5; each of
the four reflections fixes the three cells on its axis and pairs the other six,
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so 6 each. The average is
1
8

(
29 + 2 · 23 + 25 + 4 · 26

)
= 816

8 = 102.

The empty design is one orbit, leaving 101. The largest orbit has at most
|G| = 8 members and attains it, for instance at the design {0, 1}. □
Theorem 4.3. The level-one pair census takes exactly 97 values on the
101 nonempty symmetry classes. Its four non-injective fibres each have two
members, and they are the code pairs

{45, 105}, {61, 121}, {78, 102}, {94, 118},
with censuses, in the class order of Table 1,

Φ1(45) = Φ1(105) = (2, 2, 1, 0, 2, 0, 2, 0, 0, 1, 0),
Φ1(61) = Φ1(121) = (2, 2, 1, 2, 2, 0, 2, 0, 2, 1, 1),
Φ1(78) = Φ1(102) = (2, 2, 0, 0, 2, 1, 2, 1, 0, 0, 0),
Φ1(94) = Φ1(118) = (2, 2, 0, 2, 2, 1, 2, 1, 2, 0, 1).

By Corollary 3.2 the two members of each pair have identical level-one spin
spectra at every order and every ring resolution, while lying in distinct orbits
of the square’s symmetry group.
Proof. The census is an integer vector computed by counting pairs, so the
statement is a finite exact computation: form the 101 canonical representa-
tives, compute each census, and sort. Block 3 of scripts/verify.py does
this in integer arithmetic and asserts each of the four displayed vectors. The
four pairs can also be read by hand. Design 45 is the two top corners with
the two edge cells below them, design 105 is the left column with one edge
cell on the right; both have two corners and two edge cells, no centre, and
the displayed census. □
Lemma 4.4. If two designs are homometric at level one and one of them
avoids the centre cell, then so does the other, and adjoining the centre to
both preserves homometry.
Proof. Classes 0, 6 and 10 of Table 1 are the self-pairs of a corner, of an edge
cell and of the centre, so a design’s census already carries its corner count, its
edge count and whether it holds the centre. Homometric designs therefore
agree on all three, and if one avoids the centre so does the other. Adjoining
the centre adds to the census exactly the corner-centre count, which is the
number of corners, the edge-centre count, which is the number of edge cells,
and one in the centre-centre class. All three additions agree. □

Since 61 = 45 + centre, 121 = 105 + centre, 94 = 78 + centre and 118 =
102 + centre, the four pairs of Theorem 4.3 are two pairs and their centre
augmentations. The census counts in classes 3, 8 and 10 of the augmented
pairs are 2, 2 and 1, exactly as Lemma 4.4 predicts. So the four collisions
are not four independent accidents but two, each doubled by a lemma that
costs no hypotheses beyond homometry itself.
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5. How much of the census the spectrum reads

Write C for the matrix whose rowm is the coefficient vector
(
Qm(c)

)
c∈C1

∈
R11, over all m ∈ Z. Its rank is the number of independent census directions
the spin spectrum can read at level one, however many orders are used and
at whatever resolution.

Lemma 5.1. Qm(c) = 0 for every m, where c is the corner-centre class.

Proof. The centre cell is [−1
6 ,

1
6 ]2, whose points are all at distance at most√

2/6 from the origin. A corner cell, say [1
6 ,

1
2 ]2, has all its points at distance

at least
√

2/6, with equality only at its single nearest corner. So for r <
√

2/6
the circle of radius r misses the corner cell and gm,corner(r) = 0, while for
r >

√
2/6 it misses the centre cell and gm,centre(r) = 0. The product vanishes

off a single radius, a null set, so its integral is zero. □
Lemma 5.2. Let oc be the number of ordered pairs in the class c, so (oc)c =
(4, 16, 8, 8, 16, 4, 4, 8, 8, 4, 1) in the order of Table 1. Then for every m,∑

c∈C1

ocQm(c) = 9Qm(centre-centre).

Proof. The left side is
∑
j,kQm[j, k] over all ordered pairs of cells, which by

Theorem 3.1 is Pm of the solid square S = [−1
2 ,

1
2 ]2; the right side is 9Pm of

the centre cell alone. The centre cell is 1
3S, so its indicator is 1S(3x) and its

harmonics are gm(3r). Substituting t = 3r,

Pm(1
3S) =

∫ ∞

0
|gm(3r)|22πr dr = 1

9

∫ ∞

0
|gm(t)|22πt dt = 1

9Pm(S). □

Lemma 5.3. Let ρ ∈ G be the half turn and define τ{j, k} = {ρj, k}. Then
τ is a well-defined involution of C1, it fixes 5 of the 11 classes, it preserves
oc, and Qm ◦ τ = (−1)mQm.

Proof. ρ is central in the dihedral group of order 8, so {ρ(σj), σk} = σ{ρj, k}
and the recipe descends to classes; it is well defined on the unordered pair
because {j, ρk} = ρ · {ρj, k} lies in the same class. It is an involution
since ρ2 = 1. It lifts to the bijection (j, k) 7→ (ρj, k) of ordered pairs,
which commutes with G, so oτ(c) = oc. Finally ρ is the rotation by π, so
gm,ρj = e−iπmgm,j = (−1)mgm,j , and Qm[ρj, k] = (−1)mQm[j, k]. In the
numbering of Table 1, τ pairs 0 ↔ 5, 1 ↔ 4 and 6 ↔ 9, and fixes 2, 3,
7, 8 and 10: five classes. Block 8 of scripts/verify.py recomputes the
permutation and the sign rule. □
Theorem 5.4. The rank of C is at most 9. Splitting by parity, the rows of
even m span at most 6 dimensions and the rows of odd m at most 3.

Proof. By Lemma 5.1 the standard basis vector e3 at the corner-centre class
lies in the kernel of C, and by Lemma 5.2 so does u = (oc)c − 9e10. At class
3 they take the values 1 and 8, and at class 10 the values 0 and −8, so they
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are independent and the kernel has dimension at least 2, whence rank at
most 9.

For the parity split, decompose R11 = S ⊕ A into the τ -symmetric and
τ -antisymmetric subspaces. Lemma 5.3 gives 5 fixed classes, so dimS =
(11+5)/2 = 8 and dimA = 3. By Qm ◦τ = (−1)mQm, an even row vanishes
on A and an odd row vanishes on S, so the odd rows span at most dimA = 3
dimensions. Both kernel vectors are τ -invariant: τ fixes the corner-centre
class so e3 ∈ S, and o is τ -invariant while e10 is fixed, so u ∈ S. The even
rows therefore factor through S/〈e3, u〉, of dimension 8 − 2 = 6. □

Fact 5.5. The thirteen orders m = 0, . . . , 12 attain every bound of Theo-
rem 5.4: their coefficient matrix has rank exactly 9, the seven even orders
rank 6 and the six odd orders rank 3. Gaussian elimination with partial
pivoting returns the same rank at every tolerance from 10−9 to 10−13, with
smallest pivot 1.878 × 10−4 against a largest coefficient of 9.806 × 10−2. Do-
main: all 11 classes, orders 0 to 12, level one at base three. Script: block 7
of scripts/verify.py.

Fact 5.6. Read on the level-one render alone, at orders m = 0, . . . , 12,
and bucketed at tolerance 10−9, the spin spectrum splits the 511 nonempty
designs into exactly 97 buckets, the number of census values of Theorem 4.3;
the four homometric pairs agree to 2.78×10−17 on spectra of size 1.9×10−1 to
3.0 × 10−1. Domain: all 511 codes. Script: block 9 of scripts/verify.py.

So at level one the spectrum is strictly coarser than the census as a lin-
ear map, losing two of eleven directions, and yet induces exactly the same
partition of the designs. The two lost directions are real but no design pair
exploits them.

6. What the spectrum separates

One level up, the picture changes. The level-two render of a base-three
design is its Kronecker square, a pattern on the 81 cells of a 9 × 9 raster,
and its pair census has 461 classes instead of eleven.

Fact 6.1. Read on the level-two render at orders m = 0, . . . , 12, the spin
spectrum splits the 511 nonempty base-three designs into exactly 101 buck-
ets, and every bucket is a single orbit of the square’s symmetry group. The
largest bucket has 8 members, matching the largest orbit. The two closest
distinct classes are the designs of codes 335 and 343, whose spectra differ
by 6.068 × 10−3 in absolute terms and by 3.333 × 10−2 relative to their own
size, so no pair is close to colliding. Domain: all 511 codes, orders 0 to 12,
level two. Script: block 10 of scripts/verify.py.

Fact 6.2. Within the base-three plane the spin spectrum, read on the level-
two render alone, is a complete invariant of the design’s symmetry class. By
Fact 6.1 its buckets are exactly the 101 orbits, so two designs share every
Pm precisely when a symmetry of the square carries one to the other, and
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no two designs outside a single orbit are spin-isospectral. In particular the
homometry of Theorem 4.3 is a level-one phenomenon: the four pairs are
told apart one level finer. Domain: all 511 codes, orders 0 to 12, level two.
Script: block 10 of scripts/verify.py.

Theorem 3.1 explains what this does and does not say. A complete in-
variant here is a statement about the census first and the spectrum second:
the level-two census must separate the 101 classes, or no instrument reading
a rotationally averaged power could. It does, and it does so with room to
spare, since it already separates the four level-one collisions in 52, 76, 52
and 76 of its 461 class counts respectively (block 4 of scripts/verify.py).
That the spectrum then also separates them is a second fact, and it is the
one that could have failed: the spectrum sees only a rank-bounded projec-
tion of the census, and nothing in Theorem 5.4 forbids two distinct censuses
from having the same image.

Fact 6.3. The thirteen orders are a genuine truncation and not a device for
reading a design whole. At level one the orders m = 0 to 12 hold 0.977541 of
the solid square’s angular energy, against the Parseval total

∫
f2 = 1. Over

all 511 designs that share is largest exactly at the solid square and at the lone
centre cell, code 16, where Lemma 5.2 forces the same value, and smallest
at the four one-corner designs, where it is 0.899436. So every design spills
at least 2.2 percent of its energy into the orders the paper never reads, some
spill 10 percent, and Fact 6.2 separates the 101 classes on a strict projection
rather than on a complete one. Domain: all 511 codes, orders 0 to 12, level
one. Script: block 11 of scripts/verify.py.

Fact 6.4. The census collision that would confine Fact 6.2 to base three does
not occur elsewhere either. On the 5 × 5 plane the level-one census takes
3 993 511 values on the 4 211 743 nonempty orbits of the square’s symmetry
group, with 204 856 collisions covering 423 088 orbits and largest tie 8; on
the 3×3×3 cubic raster, under the order-48 group, it takes 1 461 693 values
on the 2 852 287 nonempty orbits, with 757 066 collisions covering 2 147 660
orbits and largest tie 32. Every one of those ties is broken by the level-
two census, which has 24 805 classes on the plane and 6 325 in the cube;
that sweep runs on a budget-capped weight window which does not bind,
since it covers every tied group, all 204 856 of them out to weight 21 and
all 757 066 out to weight 24. The canonical-form orbit counts agree with
the orbit-counting averages 4 211 744 and 2 852 288 computed from the cycle
index in the same pass. Domain: all 225 base-five plane designs and all 227

base-three cubic designs, and for the tie-breaking the 204 856 plane groups
out to weight 21 and the 757 066 cubic groups out to weight 24. Script: none
in this paper. The sweep runs to tens of millions of designs; it is the spin
census of the MrlyMath tree [8], whose class counts 55, 24 and 24 805 are
re-derived in block 1 of scripts/verify.py.
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So Φ1 together with Φ2 is injective on symmetry classes at base three,
at base five and in dimension three alike. Whether the spectrum inherits
that injectivity away from base three is open, and Section 7 says why the
question is harder than it looks.

7. Open problems

The paper leaves one question open above the others and it is the obvious
one. Fact 6.2 says that at base three the thirteen numbers Pm read on the
level-two render separate all 101 symmetry classes, and Fact 6.4 says that
the censuses Φ1 and Φ2 separate the orbits at base five and in dimension
three as well. These are different statements. The spectrum is a projection
of the census of rank at most 13, acting on a census of dimension 461 at
base three and 24 805 at base five, and Theorem 5.4 shows the projection
already discards two of eleven directions at the smallest scale, so injectivity
of the census is necessary for the spectrum to separate and is nowhere near
sufficient. Does the truncated spectrum separate the orbits at base five, or
in dimension three? Nobody has run the transform at those sizes, and the
census result does not decide it; what is needed is either a rank argument for
the level-two coefficient matrix, which this paper does not have, or a search,
which at 4.2 million orbits is a different kind of computation from anything
here. Three smaller pieces of the same question are also open: whether
the rank of the level-L coefficient matrix has a closed form in L, of which
Theorem 5.4 is the case L = 1; whether the two relations of Lemma 5.1 and
Lemma 5.2 generate the whole kernel at every level, as they do at level one;
and whether a homometric pair at base three survives to level two for some
larger raster, which would give a genuine spin-isospectral pair of designs and
which the searches reported here say does not happen at the sizes searched.

8. Reproducibility

One script, python3 scripts/verify.py, plain python3 with only the
standard library, run from the paper’s own directory, no arguments and no
network. It takes about 2.2 seconds and prints one labelled line per block,
ending in all green; every check is an assertion that names the value it
got, and exit code 0 is the only pass signal.

Blocks 1 to 4 are exact integer computations and contain no floating point
at all. Block 1 enumerates the pair classes of Proposition 4.1 on the 3 × 3,
9 × 9, 5 × 5 and 25 × 25 plane rasters and on the 3 × 3 × 3 cubic raster,
checking 11, 461, 55, 24 805 and 24, the eleven class sizes of Table 1 and their
sum 45. Block 2 checks the orbit count of Proposition 4.2 twice, once by
the cycle-index average and once by canonicalising all 512 subsets. Block 3
proves Theorem 4.3 by complete enumeration, asserts all four displayed cen-
sus vectors together with the centre-augmentation structure of Lemma 4.4,
and reads back the two cell lists drawn in Fig. 1 as the codes 45 and 105.
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Block 4 computes the level-two censuses of the four homometric pairs and
reports how many of the 461 counts move.

Blocks 5 to 11 compute the Gram entries Qm. The radial integral is cut at
every radius where a circle can become tangent to a cell edge or pass through
a cell corner, which for a raster of side s is the finite set {

√
a2 + b2} over

the half-integer grid lines, giving 5 segments at level one and 19 at level two;
on each segment a tanh-sinh rule with 113 nodes handles the square-root
endpoint behaviour of the arc lengths. On each node the angular integral
is evaluated in closed form: the circle of radius r meets a cell in at most
four arcs whose endpoints are exact inverse cosines and sines of the cell’s
edge coordinates over r, and

∫ β
α e

−imφdφ is elementary. Against a finer rule,
halved in step and widened in reach, the level-one entries move by at most
6.94 × 10−17 on entries of size up to 9.806 × 10−2, and the level-two entries
by at most 8.674 × 10−18 on entries of size up to 1.090 × 10−2; blocks 5 and
10 print the two comparisons.

Block 5 checks Theorem 3.1 directly rather than assuming it: the 81
Gram entries are computed cell by cell with no reference to the group, and
the worst spread inside any of the eleven classes, over all thirteen orders, is
1.44×10−17. Block 6 checks Lemma 5.1, which holds to the last bit because
no quadrature node puts both cells on the same circle, and Lemma 5.2 to
6.94 × 10−18 cell by cell and 2.22 × 10−16 in the class form the lemma states,
whose eleven ordered-pair counts it also asserts. Block 7 is Fact 5.5, block 8
is Lemma 5.3 including the sign rule Qm ◦ τ = (−1)mQm to 10−15 at every
order, and block 9 is Fact 5.6, which first checks that summing Qm over the
filled cell pairs of each of the 511 designs agrees with evaluating the census
formula of Theorem 3.1 on the same design, worst gap 3.33 × 10−16. Block
10 is Fact 6.1; it also recomputes the 461 level-two coefficient vectors at a
quarter-turned and at a reflected representative of each class and finds them
unchanged to 1.52 × 10−18, which is Theorem 3.1 again on the larger raster.
Those two maps generate the whole group of order 8, and the block checks
that they do, so the invariance is tested across the group and not only across
the rotations. Block 11 is Fact 6.3: it reads the share of angular energy the
thirteen orders hold, for the solid square and for every one of the 511 designs,
so the completeness of Fact 6.2 is not an artefact of using enough orders to
see everything.

A second script, python3 scripts/figure.py, draws the four homomet-
ric pairs with their shared level-one censuses and their level-two separations
into the file figures/homometric.svg, re-checking the class tables it draws
against.

One thing in this paper is outside the scripts’ reach and is labelled where it
appears. Fact 6.4 is a sweep of 225 and 227 designs run elsewhere [8]; only its
class counts 55, 24 and 24 805 are re-derived here. Everything else is either
proved in this paper or asserted by scripts/verify.py on the exact finite
domain stated in its own statement. The manuscript builds with tectonic
paper.tex.
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