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Abstract. Colour the cells of a cube by a rule that looks only at
whether each coordinate lies in an even or an odd block, then cut the
cube with a slanted plane and ask what fraction of the cut is coloured.
There are exactly 256 such rules, and this paper answers the question
for all of them at once, exactly and with no error term. The answer is
an exact quasipolynomial in one over the size parameter, of period four
in that parameter, and its six coefficients are not fitted numbers: they
are the sums of the rule’s Walsh–Fourier coefficients, level by level, with
complementary levels paired across orders.

1. Introduction

Take a big cube of graph paper, 4n cells on a side. Chop each axis into
blocks of four, so the cube is an n × n × n arrangement of 4 × 4 × 4 blocks.
Every cell now carries three bits: is its x-block even or odd, its y-block,
its z-block. That triple of bits is the cell’s macro parity, and it takes eight
values, the corners of a cube.

A design is a decision about those eight corners: for each one, ink or
paper. There are 28 = 256 designs, and each is a way of painting the cube
in a coarse checkerboard.

n = 5

ink 114/150 = 19/25

n = 7

ink 72/294 = 12/49

Figure 1. Code 105, which inks a cell when its macro parity
has even weight, at two consecutive odd sizes. Its ink is
1
2 − 1

4s − s
4n2 with s = −1 for n ≡ 1 and s = +1 for n ≡ 3

(mod 4): the picture flips forever, and the amplitude 1
4 is

minus half its top Walsh coefficient.

Now cut. Take the slanted plane x + y + z = 6n − 2 and keep only the
cells on it with z even. The cut is a hexagon of exactly 6n2 cells. Ink it with
the design and ask the only question a picture can answer: what fraction of
the hexagon is inked? Call it inkD(n).

The surprise is that this fraction is never messy and never needs a fit. It
is an exact rational function of n with a two-step wobble, and its coefficients
are the design’s spectrum.

Here is the whole story in one line. Let F (S) be the Walsh–Fourier
coefficients of the design’s indicator function on {0, 1}3, and let Σj be the
sum of the

(3
j

)
coefficients at level j. Then for every odd n,

inkD(n) = Σ0 − 1
2Σ3 s +

2
3Σ1 − 1

3Σ2 s

n
+

2
3Σ2 −

(1
3Σ1 + 1

2Σ3
)
s

n2 ,
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where s = (−1)(3n−1)/2. Read it as an instrument. The steady background
is the mean Walsh coefficient. The two-step blink is minus half the top
Walsh coefficient and nothing else. The 1/n and 1/n2 orders carry the two
middle levels, and the alternating part reads the level the steady part does
not, j against 3 − j, with the top level riding along once more in the last
term. That is why we call the layer stack a spectrometer. Point it at a
design and it prints the design’s spectrum.

What is new and what is not. That the counts here are quasipolynomial
in n is not new and should not be sold as new. The point set is the lattice-
point set of a rational polytope, a hexagonal cross-section of a cube, refined
by congruence conditions on the coordinates. Ehrhart’s theorem and its
extension to lattice points in dilates under congruence side conditions [1, 2]
already guarantee a quasipolynomial of degree 2 whose period divides 4,
and Barvinok’s algorithm [3], as implemented in LattE [4], will produce
every constituent mechanically. Anyone who expected these counts to be
quasipolynomial was right.

Three things here are not mechanical. First, the closed forms are written
down, in a shape short enough to use: eight quadratics with denominator 8.
Second, the counts depend only on the weight of the macro-parity vector, not
on which coordinates are odd, and the generating function makes that visible
on sight rather than as a coincidence discovered after eight computations.
Third, and this is the reason to care, the design-linear combination of those
counts diagonalises in the Walsh basis, pairing level j against level 3 −
j across orders in 1/n. We have found no prior record of that pairing.
Searches on Walsh–Hadamard spectra against digit-restricted or self-similar
sets return spectral-measure theory in a different sense of the word spectrum,
and nothing pairing a Walsh expansion of a {0, 1}3 indicator with an exact
slice-density quasipolynomial. Individual constituents do have prior records:
the k = 0 constituent at n ≡ 1 (mod 4) is 18q2 +18q +6, six times a centred
hexagonal number, which is OEIS A164016 [7, 8].

Road map. Section 2 fixes the objects: design, code, plane, macro parity,
ink, Walsh coefficients. Section 3 states the plane-counting theorem, the ink
law, the spectral reading, the blink ladder, and what is checked rather than
proved. Section 4 proves everything that wears theorem dress. Section 5
says what the scripts do and over exactly which domain.

2. Definitions

Definition 2.1 (Design and code). A design is a subset D ⊆ {0, 1}3, with
indicator fD. Its code is

c(D) =
∑
p∈D

2 4px+2py+pz ∈ {0, 1, . . . , 255},

so designs and codes correspond bijectively. Write mw = #{p ∈ D : |p| = w}
for w = 0, 1, 2, 3, where |p| = px + py + pz.

https://oeis.org/A164016


4 CARLO MITCHENER

Definition 2.2 (The slice). For odd n ≥ 1 put

Pn =
{
(x, y, z) ∈ {0, 1, . . . , 4n − 1}3 : x + y + z = 6n − 2, z ≡ 0 (mod 2)

}
.

The macro parity of a point is µ(x, y, z) =
(
⌊x/4⌋, ⌊y/4⌋, ⌊z/4⌋

)
mod 2 ∈

{0, 1}3. For ϵ ∈ {0, 1}3 let Nϵ(n) = #{P ∈ Pn : µ(P ) = ϵ}.

Definition 2.3 (Ink). The fill of a design D at size n is {P ∈ Pn : µ(P ) ∈
D}, and its ink is

inkD(n) = #{P ∈ Pn : µ(P ) ∈ D}
6n2 .

The normalisation is the size of the slice: #Pn = 6n2 for every odd n, which
is Corollary 3.2 below.

Definition 2.4 (Walsh coefficients). For S ∈ {0, 1}3 set, in the standard
Walsh–Fourier normalisation for Boolean functions [6, Ch. 1],

FD(S) = 1
8

∑
x∈{0,1}3

fD(x) (−1)x·S , Σj =
∑

|S|=j

FD(S),

so Σj is the level-j sum. Thus Σ0 = |D|/8 and Σ3 = FD(1, 1, 1) are single
terms, while Σ1 and Σ2 each collect three coefficients.

Finally put s = s(n) = (−1)(3n−1)/2 for odd n, so s = −1 when n ≡ 1
(mod 4) and s = +1 when n ≡ 3 (mod 4).

3. Results

Theorem 3.1 (Plane counting). Let n ≥ 1 be odd. Then Nϵ(n) depends
only on the weight k = |ϵ|. Writing the common value as Nk(n),

k n ≡ 1 (mod 4) n ≡ 3 (mod 4)

0 9n2 + 18n + 21
8

3n2 + 6n + 3
8

1 3n2 + 2n − 5
8

9n2 + 6n − 3
8

2 9n2 − 6n − 3
8

3n2 − 2n − 5
8

3 3n2 − 6n + 3
8

9n2 − 18n + 21
8

.

These are four quadratic quasipolynomials, each with two constituents se-
lected by n mod 4, hence eight formulas; Nk is the count for each one of
the

(3
k

)
parity triples of weight k, so the number of points of weight k is(3

k

)
Nk(n).

Corollary 3.2 (Slice size). #Pn =
∑3

k=0
(3

k

)
Nk(n) = 6n2 for every odd

n ≥ 1.
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Lemma 3.3 (Krawtchouk inversion). For every design D and every j,

Σj = 1
8

3∑
w=0

mwKj(w),

w = 0 1 2 3
K0 1 1 1 1
K1 3 1 −1 −3
K2 3 −1 −1 3
K3 1 −1 1 −1

where Kj is the Krawtchouk polynomial Kj(w) =
∑

|S|=j(−1)x·S, |x| = w,
in the normalisation of [5, Ch. 5]. The map sending (m0, m1, m2, m3) to
(Σ0, Σ1, Σ2, Σ3) is invertible.
Theorem 3.4 (The ink law). For every design D and every odd n ≥ 1,

inkD(n) = Σ0 − 1
2Σ3 s +

2
3Σ1 − 1

3Σ2 s

n
+

2
3Σ2 −

(1
3Σ1 + 1

2Σ3
)
s

n2 .

Equivalently, in the corner-count basis, inkD(n) = a + bs + (cm + cas)/n +
(dm + das)/n2 with

a = 1
8(m0 + m1 + m2 + m3), b = 1

16(−m0 + m1 − m2 + m3),
cm = 1

12(3m0 + m1 − m2 − 3m3), ca = 1
24(−3m0 + m1 + m2 − 3m3),

dm = 1
12(3m0 − m1 − m2 + 3m3), da = 1

48(−9m0 + m1 − m2 + 9m3).

There is no error term: the expansion is exact and terminates at 1/n2.
Corollary 3.5 (The spectrometer reading). The steady background is Σ0 =
|D|/8, the mean Walsh coefficient. The two-step blink amplitude is b =
−1

2Σ3 = −1
2FD(1, 1, 1), minus one half of the top Walsh coefficient and

nothing else. The 1/n order reads Σ1 steadily and Σ2 alternately; the 1/n2

order reads Σ2 steadily and Σ1 together with Σ3 alternately. Where the
steady part reads level j, the alternating part reads level 3 − j, with a single
exception: the alternating part at order 1/n2 is 1

3Σ1 + 1
2Σ3, so besides the

complementary level 1 it carries level 3 as well.
Proposition 3.6 (The blink ladder). Over all 256 designs, |b| = 1

16 |m0 −
m1 + m2 − m3| takes exactly the five values {0, 1

16 , 1
8 , 3

16 , 1
4}, each attained;

and b = 0 if and only if the top Walsh coefficient FD(1, 1, 1) vanishes. The
maximum 1

4 is attained exactly at m = (1, 0, 3, 0) and m = (0, 3, 0, 1), that
is at the two designs picking out one parity class of the corner cube: codes
105 and 150.
Fact 3.7 (Stationary classes). Let the group of order 48 generated by the six
coordinate permutations and the eight coordinate-parity flips act on designs.
The 256 designs fall into 22 orbits, and exactly 9 of them are stationary,
that is have b = 0. Checked over the full domain of all 256 designs by
scripts/verify.py.
Remark 3.8 (The four named families). Four designs were studied separately
before the general law existed, and the law swallows all four. In each row
s = (−1)(3n−1)/2.
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name code m inkD(n)

carpet 23 (1, 3, 0, 0) 1
2 + s

8 + 1
2n − s

8n2

net 232 (0, 0, 3, 1) 1 − inkcarpet(n)
tree 3 (1, 1, 0, 0) 1

4 + 1
n

(1
3 − s

12
)

+ 1−s
6n2

void 129 (1, 0, 0, 1) 1
4 − s

4n + 1
2n2

Each row is Theorem 3.4 evaluated at that code, and the agreement is exact
for every odd n ≤ 55 by scripts/verify.py. Carpet and net are the same
design up to flipping all three parities, which negates Σ1 and Σ3 and fixes
Σ0 + Σ2; that is why they blink in antiphase on a common background.

Remark 3.9 (Reciprocity among the constituents). Write n = 4q + 1 or
n = 4q + 3 and let C+

k (q), C−
k (q) denote the constituent of Nk in the two

classes:
k C+

k (q) (n = 4q + 1) C−
k (q) (n = 4q + 3)

0 18q2 + 18q + 6 6q2 + 12q + 6
1 6q2 + 4q 18q2 + 30q + 12
2 18q2 + 6q 6q2 + 8q + 2
3 6q2 18q2 + 18q + 6

Then C+
k (−q − 1) = C−

3−k(q) for all k, an Ehrhart-style reciprocity that
exchanges weight k with weight 3−k. In particular C+

0 = C−
3 = 18q2 +18q+

6 is the sequence 6, 42, 114, 222, 366, . . . , six times the centred hexagonal
numbers, A164016. The other constituents were not matched against the
OEIS and no claim is made about them.

Remark 3.10 (The small end). Theorems 3.1 and 3.4 hold at n = 1: there
N0(1) = 6 and N1 = N2 = N3 = 0, and the ink law is exact for all 256
designs. That is not a free lunch for anyone fitting. At n = 1 the entire
slice has macro parity (0, 0, 0), so every design’s layer is all ink or all paper,
and the 1/n2 term is of size O(1) there. A three-parameter fit of the form
a + bs + c/n to data starting at n = 1 is therefore contaminated by the term
it omits. The law is exact from n = 1; the fit is not, and that is a statement
about fitting, not about the domain.

Remark 3.11 (The solid reading). Everything above is proved about Pn with
the macro-parity fill rule of Definitions 2.2 and 2.3, which is the object this
paper defines. Readers who arrive from the solid picture think instead of a
4n×4n×4n block-parity solid, whose cell (x, y, z) is inked when µ(x, y, z) ∈
D, cut by the plane x + y + z = 6n − 2 with the odd z layers dropped.
That cut is the fill of Definition 2.3 written out, since both apply the same
macro-parity rule to the same points, so the two pictures are one object and
nothing here depends on which one a reader carries. scripts/verify.py
scans the whole cube for n ∈ {1, 3, 5, 7, 9} and confirms the two cell sets are
equal. No claim is made about any particular program that draws such a
solid; a rendering pipeline is not part of this paper.

https://oeis.org/A164016
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Fact 3.12 (The computational domain). For every odd n ≤ 55, three in-
dependent routes to Nk(n) agree with Theorem 3.1 and with each other:
direct enumeration of Pn, coefficient extraction from the generating func-
tion of Eq. (3), and evaluation of the reduced finite sum of Eq. (7), the
form the proof closes with. At n = 9 all three give (N0, N1, N2, N3) =
(114, 32, 84, 24). For all 256 designs at every odd n ≤ 55, and at the cold
sizes n ∈ {101, 555, 999, 9991} reached by a separate interval-counting enu-
merator, the exact rational ink equals the right-hand side of Theorem 3.4,
with no mismatches. Checked by scripts/verify.py.

Conjecture 3.13 (Higher dimensions). Fix a dimension d ≥ 2 and let P(d)
n

be the analogous diagonal slice of the d-dimensional block-parity cube with
one coordinate restricted to even values. We conjecture that its macro-parity
populations again depend only on the weight of the parity vector, and that
the ink of every design D ⊆ {0, 1}d is an exact quasipolynomial in 1/n of
degree d − 1 whose coefficients are the design’s Walsh level sums, with level
j paired against level d − j across orders, up to extra low-order terms of
the kind that already appear at d = 3 in Corollary 3.5. Evidence: the case
d = 3 is Theorems 3.1 and 3.4, and the mechanism that produces them is
dimension-agnostic. The residue generating function factorises as Ed−k

h Ok
h

for a weight-k parity vector for the same reason in any dimension, and that
factorisation alone forces weight-only dependence; the pairing j ↔ d−j then
follows from the Krawtchouk symmetry Kj(w) = (−1)wKd−j(w) on {0, 1}d.
Failure modes: two, both concrete. First, the divisibility that makes the ar-
gument work here, namely 6n − 2 ≡ 0 (mod 4) for odd n, is a coincidence
of the constants 6 and 4; a general d has no reason to admit a plane off-
set with the same property, and without it more than three residue sums
occur. Second, the residue multiplicity vector, here 1 : 6 : 1 and symmetric,
need not be symmetric in general, and an asymmetric one breaks the weight-
only dependence at the first order it appears. Either failure would leave the
quasipolynomiality intact, since that is Ehrhart’s theorem, and destroy the
spectral reading, which is the content.

4. Proofs

Proof of Lemma 3.3. By Definition 2.4,

Σj =
∑

|S|=j

1
8
∑

x

fD(x)(−1)x·S

= 1
8
∑

x

fD(x)
∑

|S|=j

(−1)x·S = 1
8
∑

x

fD(x)Kj(|x|),

because
∑

|S|=j(−1)x·S depends on x only through |x|: choosing S of weight
j with i of its ones inside the support of x contributes (−1)i

(|x|
i

)(3−|x|
j−i

)
.

Grouping x by weight gives the displayed sum. Now evaluate Kj(w) =∑
i(−1)i

(w
i

)(3−w
j−i

)
at w, j ∈ {0, 1, 2, 3} to get the table. The matrix K =
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Kj(w)

)
satisfies K2 = 8I, so K−1 = 1

8K and the map is invertible; expand-
ing along the first row gives det K = 64 ̸= 0, consistent with (det K)2 =
84. □

Proof of Theorem 3.1. Write x = 4u + rx, y = 4v + ry, z = 4w + rz

with 0 ≤ u, v, w < n and 0 ≤ rx, ry, rz < 4. This is a bijection between
{0, . . . , 4n−1} and pairs, and the macro parity of the point is (u, v, w) mod 2.
Since 4w is even, the condition z ≡ 0 (mod 2) says exactly rz ∈ {0, 2}.

Because n is odd, 6n−2 ≡ 6−2 ≡ 0 (mod 4). The residue sum rx+ry +rz

lies in {0, 1, . . . , 8} and must be ≡ 6n − 2 ≡ 0 (mod 4), so it is 0, 4 or 8. Its
multiplicities are the coefficients of t0, t4, t8 in

(1 + t + t2 + t3)2(1 + t2) = 1 + 2t + 4t2 + 6t3 + 6t4 + 6t5 + 4t6 + 2t7 + t8,

the two squared factors ranging over rx, ry and the third over rz ∈ {0, 2}.
The multiplicities are therefore

(1) (ρ0, ρ1, ρ2) = (1, 6, 1),

indexed so that ρa counts residue triples with rx + ry + rz = 4a. This is the
1 : 6 : 1 residue law.

Write n = 2h + 1. If the residue sum is 4a then

(2) u + v + w = 6n − 2 − 4a

4
= 3h + 1 − a.

For a single variable ranging over {0, . . . , 2h}, the generating functions of its
even and its odd values are

Eh(t) = 1 + t2 + · · · + t2h = 1 − t2h+2

1 − t2 ,

Oh(t) = t + t3 + · · · + t2h−1 = t(1 − t2h)
1 − t2 .

A prescribed parity triple ϵ of weight k therefore contributes Eh(t)3−kOh(t)k,
since which coordinates are odd affects only the order of the factors. Com-
bining this with Eqs. (1) and (2),

(3) Nk(2h + 1) = [t3h+1] (1 + 6t + t2) Eh(t)3−kOh(t)k.

The right-hand side depends on ϵ only through k, which proves the weight-
only dependence claimed in the theorem, before any coefficient is extracted.

It remains to extract the coefficient. If h = 0, that is n = 1, then E0 = 1
and O0 = 0, so Eq. (3) gives N0(1) = [t1](1 + 6t + t2) = 6 and Nk(1) = 0 for
k ≥ 1; these agree with the table at n ≡ 1 (mod 4), q = 0. Assume h ≥ 1.
Substituting the two geometric forms and pulling out the factor tk from Ok

h,

(4) Nk(2h + 1) = [t3h+1−k] (1 + 6t + t2)(1 − t2h+2)3−k(1 − t2h)k

(1 − t2)3 .

Expand the two numerator powers by the binomial theorem, with indices
i ≤ 3 − k on (1 − t2h+2) and j ≤ k on (1 − t2h), and expand (1 + 6t + t2) =
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a=0 ρata. Using

[tℓ](1 − t2)−3 = B(ℓ), B(ℓ) =


(ℓ/2+2

2
)

= (ℓ + 2)(ℓ + 4)
8

, ℓ ≥ 0 even,

0, otherwise,

we obtain the exact finite sum

(5)
Nk(2h + 1) =

2∑
a=0

ρa

3−k∑
i=0

k∑
j=0

(−1)i+j

(
3 − k

i

)(
k

j

)
× B

(
3h+1−k−a−i(2h+2)−2jh

)
.

No asymptotics and no interpolation have entered; Eq. (5) is a finite sum of
at most 3 · 23 terms.

Now reduce Eq. (5). Put c = i + j and let ℓ denote the argument of B, so

ℓ = 3h + 1 − k − a − 2hc − 2i = h(3 − 2c) + (1 − k − a − 2i).

If c ≥ 2 then 3 − 2c ≤ −1 and ℓ ≤ −h + 1 − k − a − 2i ≤ −h + 1, which for
h ≥ 1 is at most 0, with equality only if h = 1, c = 2 and k = a = i = 0;
but i = 0 and c = 2 force j = 2, hence k ≥ 2, a contradiction. So ℓ < 0 and
B(ℓ) = 0 for every term with c ≥ 2, and only c ∈ {0, 1} survives. The three
surviving index pairs and their arguments are

(i, j) = (0, 0) : ℓ0 = 3h + 1 − k − a,

(i, j) = (1, 0) : ℓ1 = h − k − a − 1,

(i, j) = (0, 1) : ℓ2 = h + 1 − k − a,

with binomial weights 1, −(3 − k), −k respectively. All three arguments are
congruent modulo 2: ℓ0 − ℓ1 = 2h + 2 and ℓ0 − ℓ2 = 2h. So all three vanish
unless ℓ0 is even, that is unless

(6) a ≡ h + k + 1 (mod 2).

This is the parity split. If h + k is odd then Eq. (6) forces a ∈ {0, 2},
contributing ρ0 = ρ2 = 1 each; if h + k is even it forces a = 1, contributing
ρ1 = 6. Hence

(7) Nk(2h + 1) =
∑

a∈{0,1,2}
a≡h+k+1(2)

ρa

[
B(ℓ0) − (3 − k)B(ℓ1) − k B(ℓ2)

]
.

Finally, replace B by the polynomial b(ℓ) = (ℓ + 2)(ℓ + 4)/8 through-
out. This is legitimate whenever every argument satisfies ℓ ≥ −4, because
b(−2) = b(−4) = 0 = B(−2) = B(−4) and b(ℓ) = B(ℓ) for even ℓ ≥ 0. Since
k ≤ 3 and a ≤ 2 we have ℓ0 = 3h+1−k−a ≥ 3h−4, ℓ1 = h−k−a−1 ≥ h−6
and ℓ2 = h + 1 − k − a ≥ h − 4, so all three arguments are ≥ −4 as soon as
h ≥ 2. For h ≥ 2, therefore, Eq. (7) is an identity between polynomials in h
within each parity class of h and each k.



10 CARLO MITCHENER

Evaluate it. Take h = 2q first. For k even, Eq. (6) gives a = 1 and ρ1 = 6,
so

Nk(4q + 1) = 6
[
b(6q − k) − (3 − k)b(2q − k − 2) − k b(2q − k)

]
,

which for k = 0 is 6
[
b(6q) − 3b(2q − 2)

]
= 6

[ (6q+2)(6q+4)
8 − 32q (2q+2)

8
]

=
18q2 + 18q + 6, and for k = 2 is 6

[
b(6q − 2) − b(2q − 4) − 2b(2q − 2)

]
=

6
[6q(6q+2)

8 − (2q−2)2q
8 − 22q(2q+2)

8
]

= 18q2 + 6q. For k odd, a ∈ {0, 2} with
weight 1 each, so

Nk(4q+1) =
∑

a∈{0,2}

[
b(6q+1−k−a)−(3−k)b(2q−k−a−1)−k b(2q+1−k−a)

]
,

which for k = 1 is
[
b(6q)−2b(2q−2)−b(2q)

]
+
[
b(6q−2)−2b(2q−4)−b(2q−

2)
]

= 6q2+4q, and for k = 3 is
[
b(6q−2)−3b(2q−2)

]
+
[
b(6q−4)−3b(2q−4)

]
=

3q2+3q2 = 6q2. Now take h = 2q+1, so n = 4q+3; the same four evaluations
with h shifted by one, and the roles of the two branches of Eq. (6) exchanged,
give

N0(4q + 3) = 6q2 + 12q + 6, N1(4q + 3) = 18q2 + 30q + 12,

N2(4q + 3) = 6q2 + 8q + 2, N3(4q + 3) = 18q2 + 18q + 6.

Substituting q = (n − 1)/4 in the first column and q = (n − 3)/4 in the
second turns these eight polynomials into the eight entries of the theorem’s
table; for instance 18q2 +18q +6 at q = (n−1)/4 is (9n2 +18n+21)/8. The
two cases h ∈ {0, 1}, that is n ∈ {1, 3}, were excluded above when b replaced
B; h = 0 was settled directly, and h = 1 is the single evaluation of Eq. (7) at
q = 0 in the second column, giving (N0, N1, N2, N3)(3) = (6, 12, 2, 6), which
matches the table. □

Proof of Corollary 3.2. Sum the theorem’s columns against
(3

k

)
= 1, 3, 3, 1.

At n ≡ 1 (mod 4) the n2 coefficients give 9 + 3 · 3 + 3 · 9 + 3 = 48, the n
coefficients give 18+3·2−3·6−6 = 0, and the constants give 21−3·5−3·3+3 =
0; dividing by 8 leaves 6n2. At n ≡ 3 (mod 4) the same three sums are
3 + 27 + 9 + 9 = 48, 6 + 18 − 6 − 18 = 0 and 3 − 9 − 15 + 21 = 0. □

Proof of Theorem 3.4. By Definition 2.3 and Theorem 3.1, grouping the
corners of D by weight,

(8) inkD(n) = 1
6n2

∑
p∈D

N|p|(n) = 1
6n2

3∑
w=0

mwNw(n).

Write each Nw as one formula covering both residue classes by splitting into
its mean and its alternating part. With s = −1 at n ≡ 1 and s = +1 at
n ≡ 3, the theorem’s table reads

8Nw(n) = Awn2 + Bwn + Cw,
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w Aw Bw Cw

0 6 − 3s 12 − 6s 12 − 9s
1 6 + 3s 4 + 2s −4 + s
2 6 − 3s −4 + 2s −4 − s
3 6 + 3s −12 − 6s 12 + 9s

each entry being the mean of the two residue-class values plus s times half
their difference; one checks all twelve entries by substituting s = −1 and
s = +1 and comparing with the two columns of Theorem 3.1. Substituting
into Eq. (8),

inkD(n) = 1
48
∑
w

mwAw + 1
48n

∑
w

mwBw + 1
48n2

∑
w

mwCw.

Now read the three vectors in the Krawtchouk basis of Lemma 3.3, with
rows K0 = (1, 1, 1, 1), K1 = (3, 1, −1, −3), K2 = (3, −1, −1, 3) and K3 =
(1, −1, 1, −1):

A = 6K0 − 3s K3,

B = 4K1 − 2s K2,

C = 4K2 + s (−2K1 − 3K3).
Each line is a four-entry check. For A: 6K0 − 3sK3 = (6 − 3s, 6 + 3s, 6 −
3s, 6 + 3s), the column A. For B: 4K1 = (12, 4, −4, −12) and −2sK2 =
(−6s, 2s, 2s, −6s), summing to the column B. For C: 4K2 = (12, −4, −4, 12)
and −2sK1−3sK3 = (−6s−3s, −2s+3s, 2s−3s, 6s+3s) = (−9s, s, −s, 9s),
summing to the column C. By Lemma 3.3,

∑
w mwKj(w) = 8Σj , so∑

w

mwAw = 48Σ0 − 24s Σ3,∑
w

mwBw = 32Σ1 − 16s Σ2,∑
w

mwCw = 32Σ2 − s (16Σ1 + 24Σ3).

Dividing the three by 48, 48n, 48n2 respectively gives

Σ0 − 1
2sΣ3,

2
3Σ1 − 1

3sΣ2

n
,

2
3Σ2 − s

(1
3Σ1 + 1

2Σ3
)

n2 ,

which is the stated law. The corner-count form follows by substituting
Σj = 1

8
∑

w mwKj(w): for example −1
2Σ3 = − 1

16(m0 − m1 + m2 − m3) =
1
16(−m0+m1−m2+m3) = b, and −1

3Σ1−1
2Σ3 = 1

48(−9m0+m1−m2+9m3) =
da. Nothing was discarded at any step, so the expansion is exact and stops
at 1/n2. □

Proof of Corollary 3.5. Immediate from Theorem 3.4 and Definition 2.4:
Σ0 = 1

8
∑

x fD(x) = |D|/8, and level 3 has the single member S = (1, 1, 1), so
Σ3 = FD(1, 1, 1). The pairing statement is the observation that in each of the
three coefficient brackets the term carrying s has level index complementary
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to the term without it; in the 1/n2 bracket the alternating part is 1
3Σ1 + 1

2Σ3,
whose second summand is the stated exception. □

Proof of Proposition 3.6. By Theorem 3.4, b = −1
2Σ3 = − 1

16(m0 − m1 +
m2 − m3), so b = 0 if and only if Σ3 = FD(1, 1, 1) = 0. Set T = m0 − m1 +
m2−m3. The corner cube has one corner of weight 0, three of weight 1, three
of weight 2, one of weight 3, so m0, m3 ∈ {0, 1} and m1, m2 ∈ {0, 1, 2, 3},
giving −4 ≤ T ≤ 4 with T = 4 only at (m0, m1, m2, m3) = (1, 0, 3, 0)
and T = −4 only at (0, 3, 0, 1). Every intermediate value is attained, for
instance T = 3 at (1, 0, 2, 0), T = 2 at (1, 1, 3, 1), T = 1 at (1, 0, 0, 0), T = 0
at (0, 0, 0, 0). Hence |b| = |T |/16 runs over exactly {0, 1

16 , 1
8 , 3

16 , 1
4}. The

two extremal designs are the even-weight and the odd-weight corner classes,
whose codes are 105 and 150. □

Proof of Remark 3.9. Substitute. C+
0 (−q−1) = 18(q+1)2−18(q+1)+6 =

18q2 + 18q + 6 = C−
3 (q); C+

1 (−q − 1) = 6(q + 1)2 − 4(q + 1) = 6q2 + 8q + 2 =
C−

2 (q); C+
2 (−q − 1) = 18(q + 1)2 − 6(q + 1) = 18q2 + 30q + 12 = C−

1 (q);
C+

3 (−q − 1) = 6(q + 1)2 = 6q2 + 12q + 6 = C−
0 (q). □

5. Reproducibility

Two scripts, both plain python3 with no dependencies beyond the stan-
dard library, both run from the paper’s directory, both with relative paths
only.

python3 scripts/verify.py runs in under one second on a laptop and
re-checks the following, dying loudly with the value it got and the value it
wanted at the first disagreement.

• Counts, direct. For every odd n from 1 to 55: enumerate Pn point
by point, bin the 6n2 points by macro parity, and compare all eight
populations against Theorem 3.1. Also checks that the eight popula-
tions are constant on each weight class and that the total is exactly
6n2 (Corollary 3.2).

• Counts, generating function. The same domain, by extracting [t3h+1]
from Eq. (3) with integer polynomial arithmetic. Independent of the
enumeration.

• Counts, finite sum. The same domain, by evaluating the reduced
sum Eq. (7) used at the end of the proof. Independent of both
routes above, and the check that the proof’s own case split is the
one that closes.

• Counts, cold and large. At n ∈ {101, 555, 999, 9991}, by a fourth
route: for each of the 4n values of x, count admissible y in an arith-
metic progression modulo 8 in closed form. This visits no point of
the plane and touches no generating function. At n = 9991 the slice
has 598,920,486 = 6 · 99912 points.

• The ink law. For all 256 designs at every odd n ≤ 55 and at the
four cold sizes, the exact rational #fill/6n2 from the enumerated



THE WALSH SPECTROMETER 13

counts equals the right-hand side of Theorem 3.4, in exact rational
arithmetic. 256 × 32 comparisons, zero mismatches.

• Krawtchouk inversion. For all 256 designs, Σj computed from Defini-
tion 2.4 by summing (−1)x·S over the design equals 1

8
∑

w mwKj(w)
(Lemma 3.3).

• The blink ladder and the classes. For all 256 designs, |b| lands in the
five rungs of Proposition 3.6 and vanishes exactly when FD(1, 1, 1)
does; the 48-element symmetry group produces 22 orbits covering
all 256 designs, of which 9 are stationary (Fact 3.7).

• The four families. At codes 23, 232, 3, 129 and every odd n ≤ 55,
Theorem 3.4 reproduces the four closed forms of Remark 3.8 exactly.

• Reciprocity and the named sequence. C+
k (−q − 1) = C−

3−k(q) for q =
0, . . . , 11, and C+

0 (q) = 6, 42, 114, 222, 366, 546, matching A164016.
• The solid reading. For n ∈ {1, 3, 5, 7, 9} the full cube of (4n)3 cells is

scanned, the cells of the diagonal cut with z even are collected, and
that set is compared cell for cell with Pn of Definition 2.2; the two
are equal, which is Remark 3.11 for all 256 designs at once.

• Anchors. (N0, N1, N2, N3)(9) = (114, 32, 84, 24) by both the closed
form and the generating function; (6, 0, 0, 0) at n = 1.

python3 scripts/figure.py runs in well under a second and writes
figures/blink.svg, the two-panel picture of Fig. 1 in the form the reposi-
tory page embeds. It recomputes the two slices from the definitions rather
than reading stored data.

Every numbered statement above except Conjecture 3.13 is either proved
in Section 4 or re-checked by scripts/verify.py, and most are both. Con-
jecture 3.13 is a conjecture about dimensions other than three and is not
checked here.
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